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Cartesian coordinate system
A Cartesian coordinate system specifies each point
uniquely in a plane by a pair of numerical coordinates,
which are the signed distances from the point to two
fixed perpendicular directed lines, measured in the
same unit of length. Each reference line is called a
coordinate axis or just axis of the system, and the point
where they meet is its origin, usually at ordered pair
(0,0). The coordinates can also be defined as the
positions of the perpendicular projections of the point
onto the two axes, expressed as signed distances from
the origin.
One can use the same principle to specify the position
of any point in three-dimensional space by three
Cartesian coordinates, its signed distances to three
mutually perpendicular planes (or, equivalently, by its
perpendicular projection onto three mutually
perpendicular lines). In general, one can specify a point
in a space of any dimension n by use of n Cartesian
coordinates, the signed distances from n mutually
perpendicular hyperplanes.

Illustration of a Cartesian coordinate plane. Four points are marked
and labeled with their coordinates: (2, 3) in green, (−3, 1) in red,
(−1.5, −2.5) in blue, and the origin (0, 0) in purple.

The invention of Cartesian coordinates in the 17th
century by René Descartes (Latinized name: Cartesius)
revolutionized mathematics by providing the first
systematic link between Euclidean geometry and
algebra. Using the Cartesian coordinate system,
geometric shapes (such as curves) can be described by
Cartesian equations: algebraic equations involving the
coordinates of the points lying on the shape. For
example, a circle of radius 2 may be described as the
set of all points whose coordinates x and y satisfy the
equation x2 + y2 = 4.
Cartesian coordinates are the foundation of analytic
geometry, and provide enlightening geometric
interpretations for many other branches of
mathematics, such as linear algebra, complex analysis,
differential geometry, multivariate calculus, group
Cartesian coordinate system with a circle of radius 2 centered at the
theory, and more. A familiar example is the concept of
origin marked in red. The equation of a circle is (x - a)2 + (y - b)2 = r2
the graph of a function. Cartesian coordinates are also
where a and b are the coordinates of the center (a, b) and r is the
radius.
essential tools for most applied disciplines that deal
with geometry, including astronomy, physics,
engineering, and many more. They are the most common coordinate system used in computer graphics,
computer-aided geometric design, and other geometry-related data processing.

Cartesian coordinate system

History
The adjective Cartesian refers to the French mathematician and philosopher René Descartes (who used the name
Cartesius in Latin).
The idea of this system was developed in 1637 in writings by Descartes and independently by Pierre de Fermat,
although Fermat also worked in three dimensions, and did not publish the discovery.[1] Both authors used a single
axis in their treatments and have a variable length measured in reference to this axis. The concept of using a pair of
axes was introduced in later work by commentators who were trying to clarify the ideas contained in Descartes' La
Géométrie.
The development of the Cartesian coordinate system would play an intrinsic role in the development of the calculus
by Isaac Newton and Gottfried Wilhelm Leibniz.[2]
Nicole Oresme, a French cleric and friend of the dauphin (later to become King Charles V) of the 14th Century, used
constructions similar to Cartesian coordinates well before the time of Descartes and Fermat.
Many other coordinate systems have been developed since Descartes, such as the polar coordinates for the plane, and
the spherical and cylindrical coordinates for three-dimensional space.

Definitions
Number line
Choosing a Cartesian coordinate system for a one-dimensional space—that is, for a straight line—means choosing a
point O of the line (the origin), a unit of length, and an orientation for the line. An orientation chooses which of the
two half-lines determined by O is the positive, and which is negative; we then say that the line "is oriented" (or
"points") from the negative half towards the positive half. Then each point p of the line can be specified by its
distance from O, taken with a + or − sign depending on which half-line contains p.
A line with a chosen Cartesian system is called a number line. Every real number, whether integer, rational, or
irrational, has a unique location on the line. Conversely, every point on the line can be interpreted as a number in an
ordered continuum which includes the real numbers.

Cartesian coordinates in two dimensions
The modern Cartesian coordinate system in two dimensions (also called a rectangular coordinate system) is defined
by an ordered pair of perpendicular lines (axes), a single unit of length for both axes, and an orientation for each
axis. (Early systems allowed "oblique" axes, that is, axes that did not meet at right angles.) The lines are commonly
referred to as the x and y-axes where the x-axis is taken to be horizontal and the y-axis is taken to be vertical. The
point where the axes meet is taken as the origin for both, thus turning each axis into a number line. For a given point
P, a line is drawn through P perpendicular to the x-axis to meet it at X and second line is drawn through P
perpendicular to the y-axis to meet it at Y. The coordinates of P are then X and Y interpreted as numbers x and y on
the corresponding number lines. The coordinates are written as an ordered pair (x, y).
The point where the axes meet is the common origin of the two number lines and is simply called the origin. It is
often labeled O and if so then the axes are called Ox and Oy. A plane with x and y-axes defined is often referred to as
the Cartesian plane or xy plane. The value of x is called the x-coordinate or abscissa and the value of y is called the
y-coordinate or ordinate.
The choices of letters come from the original convention, which is to use the latter part of the alphabet to indicate
unknown values. The first part of the alphabet was used to designate known values.
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Cartesian coordinates in three dimensions
Choosing a Cartesian coordinate system for a
three-dimensional space means choosing an ordered
triplet of lines (axes), any two of them being
perpendicular; a single unit of length for all three axes;
and an orientation for each axis. As in the
two-dimensional case, each axis becomes a number line.
The coordinates of a point p are obtained by drawing a
line through p perpendicular to each coordinate axis, and
reading the points where these lines meet the axes as
three numbers of these number lines.
Alternatively, the coordinates of a point p can also be
taken as the (signed) distances from p to the three planes
defined by the three axes. If the axes are named x, y, and
z, then the x coordinate is the distance from the plane
defined by the y and z axes. The distance is to be taken
with the + or − sign, depending on which of the two
half-spaces separated by that plane contains p. The y and
z coordinates can be obtained in the same way from the
(x,z) and (x,y) planes, respectively.

A three dimensional Cartesian coordinate system, with origin O
and axis lines X, Y and Z, oriented as shown by the arrows. The
tick marks on the axes are one length unit apart. The black dot
shows the point with coordinates X = 2, Y = 3, and Z = 4, or
(2,3,4).

Generalizations
One can generalize the concept of Cartesian coordinates
to allow axes that are not perpendicular to each other,
and/or different units along each axis. In that case, each
coordinate is obtained by projecting the point onto one
axis along a direction that is parallel to the other axis (or,
in general, to the hyperplane defined by all the other
axes). In those oblique coordinate systems the
computations of distances and angles is more complicated
than in standard Cartesian systems, and many standard
formulas (such as the Pythagorean formula for the
distance) do not hold.

Notations and conventions

The coordinate surfaces of the Cartesian coordinates (x, y, z). The
z-axis is vertical and the x-axis is highlighted in green. Thus, the
red plane shows the points with x=1, the blue plane shows the
points with z=1, and the yellow plane shows the points with y=-1.
The three surfaces intersect at the point P (shown as a black
sphere) with the Cartesian coordinates (1, -1, 1).

The Cartesian coordinates of a point are usually written in
parentheses and separated by commas, as in (10,5) or
(3,5,7). The origin is often labelled with the capital letter
O. In analytic geometry, unknown or generic coordinates
are often denoted by the letters x and y on the plane, and
x, y, and z in three-dimensional space. w is often used for four-dimensional space, but the rarity of such usage
precludes concrete convention here. This custom comes from an old convention of algebra, to use letters near the end
of the alphabet for unknown values (such as were the coordinates of points in many geometric problems), and letters
near the beginning for given quantities.
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These conventional names are often used in other domains, such as physics and engineering. However, other letters
may be used too. For example, in a graph showing how a pressure varies with time, the graph coordinates may be
denoted t and P. Each axis is usually named after the coordinate which is measured along it; so one says the x-axis,
the y-axis, the t-axis, etc.
Another common convention for coordinate naming is to use subscripts, as in x1, x2, ... xn for the n coordinates in an
n-dimensional space; especially when n is greater than 3, or variable. Some authors (and many programmers) prefer
the numbering x0, x1, ... xn−1. These notations are especially advantageous in computer programming: by storing the
coordinates of a point as an array, instead of a record, one can use iterative commands or procedure parameters
instead of repeating the same commands for each coordinate.
In mathematical illustrations of two-dimensional Cartesian systems, the first coordinate (traditionally called the
abscissa) is measured along a horizontal axis, oriented from left to right. The second coordinate (the ordinate) is then
measured along a vertical axis, usually oriented from bottom to top.
However, in computer graphics and image processing one often uses a coordinate system with the y axis pointing
down (as displayed on the computer's screen). This convention developed in the 1960s (or earlier) from the way that
images were originally stored in display buffers.
For three-dimensional systems, the z axis is often shown vertical and pointing up (positive up), so that the x and y
axes lie on a horizontal plane. If a diagram (3D projection or 2D perspective drawing) shows the x and y axis
horizontally and vertically, respectively, then the z axis should be shown pointing "out of the page" towards the
viewer or camera. In such a 2D diagram of a 3D coordinate system, the z axis would appear as a line or ray pointing
down and to the left or down and to the right, depending on the presumed viewer or camera perspective. In any
diagram or display, the orientation of the three axes, as a whole, is arbitrary. However, the orientation of the axes
relative to each other should always comply with the right-hand rule, unless specifically stated otherwise. All laws of
physics and math assume this right-handedness, which ensures consistency. For 3D diagrams, the names "abscissa"
and "ordinate" are rarely used for x and y, respectively. When they are, the z-coordinate is sometimes called the
applicate.
The words abscissa, ordinate and applicate are sometimes used to refer to coordinate axes rather than values.[3]

Quadrants and octants
The axes of a two-dimensional Cartesian system divide
the plane into four infinite regions, called quadrants,
each bounded by two half-axes. These are often
numbered from 1st to 4th and denoted by Roman
numerals: I (where the signs of the two coordinates are I
(+,+), II (−,+), III (−,−), and IV (+,−). When the axes are
drawn according to the mathematical custom, the
numbering goes counter-clockwise starting from the
upper right ("northeast") quadrant.
Similarly, a three-dimensional Cartesian system defines a
division of space into eight regions or octants, according
to the signs of the coordinates of the points. The octant
where all three coordinates are positive is sometimes
called the first octant; however, there is no established
nomenclature for the other octants. The n-dimensional
generalization of the quadrant and octant is the orthant.

The four quadrants of a Cartesian coordinate system.
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Cartesian space
A Euclidean plane with a chosen Cartesian system is called a Cartesian plane. Since Cartesian coordinates are
unique and non-ambiguous, the points of a Cartesian plane can be identified with all possible pairs of real numbers;
that is with the Cartesian product
, where
is the set of all reals. In the same way one defines a
Cartesian space of any dimension n, whose points can be identified with the tuples (lists) of n real numbers, that is,
with
.

Cartesian formulas for the plane
Distance between two points
The Euclidean distance between two points of the plane with Cartesian coordinates

and

is

This is the Cartesian version of Pythagoras' theorem. In three-dimensional space, the distance between points
and
is

which can be obtained by two consecutive applications of Pythagoras' theorem.

Euclidean transformations
The Euclidean transformations or Euclidean motions are the (bijective) mappings of points of the Euclidean plane
to themselves which preserve distances between points. There are four types of these mappings (also called
isometries): translations, rotations, reflections and glide reflections.[4]
Translation
Translating a set of points of the plane, preserving the distances and directions between them, is equivalent to adding
a fixed pair of numbers (a,b) to the Cartesian coordinates of every point in the set. That is, if the original coordinates
of a point are (x,y), after the translation they will be

Rotation
To rotate a figure counterclockwise around the origin by some angle
coordinates (x,y) by the point with coordinates (x',y'), where

Thus:

is equivalent to replacing every point with

Cartesian coordinate system
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Reflection
If (x, y) are the Cartesian coordinates of a point, then (−x, y) are the coordinates of its reflection across the second
coordinate axis (the Y axis), as if that line were a mirror. Likewise, (x, −y) are the coordinates of its reflection across
the first coordinate axis (the X axis). In more generality, reflection across a line through the origin making an angle
with the x-axis, is equivalent to replacing every point with coordinates (x,y) by the point with coordinates (x',y'),
where

Thus:
Glide reflection
A glide reflection is the composition of a reflection across a line followed by a translation in the direction of that
line. It can be seen that the order of these operations does not matter (the translation can come first, followed by the
reflection).
General matrix form of the transformations
These Euclidean transformations of the plane can all be described in a uniform way by using matrices. The result
of applying a Euclidean transformation to a point
is given by the formula
where A is a 2×2 orthogonal matrix and b = (b1, b2) is an arbitrary ordered pair of numbers;[5] that is,

where
[Note the use of row vectors for point coordinates and that the matrix is written
on the right.]
To be orthogonal, the matrix A must have orthogonal rows with same Euclidean length of one, that is,

and

This is equivalent to saying that A times its transpose must be the identity matrix. If these conditions do not hold, the
formula describes a more general affine transformation of the plane provided that the determinant of A is not zero.
The formula defines a translation if and only if A is the identity matrix. The transformation is a rotation around some
point if and only if A is a rotation matrix, meaning that

A reflection or glide reflection is obtained when,
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Scaling
An example of an affine transformation which is not a Euclidean motion is given by scaling. To make a figure larger
or smaller is equivalent to multiplying the Cartesian coordinates of every point by the same positive number m. If
(x,y) are the coordinates of a point on the original figure, the corresponding point on the scaled figure has coordinates

If m is greater than 1, the figure becomes larger; if m is between 0 and 1, it becomes smaller.

Orientation and handedness
In two dimensions
Fixing or choosing the x-axis determines the y-axis up to direction.
Namely, the y-axis is necessarily the perpendicular to the x-axis
through the point marked 0 on the x-axis. But there is a choice of
which of the two half lines on the perpendicular to designate as
positive and which as negative. Each of these two choices determines a
different orientation (also called handedness) of the Cartesian plane.

The right hand rule.

The usual way of orienting the axes, with the positive x-axis pointing
right and the positive y-axis pointing up (and the x-axis being the
"first" and the y-axis the "second" axis) is considered the positive or
standard orientation, also called the right-handed orientation.

A commonly used mnemonic for defining the positive orientation is the right hand rule. Placing a somewhat closed
right hand on the plane with the thumb pointing up, the fingers point from the x-axis to the y-axis, in a positively
oriented coordinate system.
The other way of orienting the axes is following the left hand rule, placing the left hand on the plane with the thumb
pointing up.
When pointing the thumb away from the origin along an axis, the curvature of the fingers indicates a positive
rotation along that axis.
Regardless of the rule used to orient the axes, rotating the coordinate system will preserve the orientation. Switching
any two axes will reverse the orientation.

In three dimensions
Once the x- and y-axes are specified, they determine the
line along which the z-axis should lie, but there are two
possible directions on this line. The two possible
coordinate systems which result are called
'right-handed' and 'left-handed'. The standard
orientation, where the xy-plane is horizontal and the
z-axis points up (and the x- and the y-axis form a
positively oriented two-dimensional coordinate system
in the xy-plane if observed from above the xy-plane) is
called right-handed or positive.
Fig. 7 – The left-handed orientation is shown on the left, and the
right-handed on the right.
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The name derives from the right-hand rule. If the index
finger of the right hand is pointed forward, the middle
finger bent inward at a right angle to it, and the thumb
placed at a right angle to both, the three fingers indicate
the relative directions of the x-, y-, and z-axes in a
right-handed system. The thumb indicates the x-axis,
the index finger the y-axis and the middle finger the
z-axis. Conversely, if the same is done with the left
hand, a left-handed system results.
Figure 7 depicts a left and a right-handed coordinate
system. Because a three-dimensional object is
represented on the two-dimensional screen, distortion
Fig. 8 – The right-handed Cartesian coordinate system indicating the
and ambiguity result. The axis pointing downward (and
coordinate planes.
to the right) is also meant to point towards the
observer, whereas the "middle" axis is meant to point
away from the observer. The red circle is parallel to the horizontal xy-plane and indicates rotation from the x-axis to
the y-axis (in both cases). Hence the red arrow passes in front of the z-axis.
Figure 8 is another attempt at depicting a right-handed coordinate system. Again, there is an ambiguity caused by
projecting the three-dimensional coordinate system into the plane. Many observers see Figure 8 as "flipping in and
out" between a convex cube and a concave "corner". This corresponds to the two possible orientations of the
coordinate system. Seeing the figure as convex gives a left-handed coordinate system. Thus the "correct" way to
view Figure 8 is to imagine the x-axis as pointing towards the observer and thus seeing a concave corner.

Representing a vector in the standard basis
A point in space in a Cartesian coordinate system may also be represented by a position vector, which can be thought
of as an arrow pointing from the origin of the coordinate system to the point.[6] If the coordinates represent spatial
positions (displacements), it is common to represent the vector from the origin to the point of interest as . In two
dimensions, the vector from the origin to the point with Cartesian coordinates (x, y) can be written as:

where

, and

are unit vectors in the direction of the x-axis and y-axis respectively, generally

referred to as the standard basis (in some application areas these may also be referred to as versors). Similarly, in
three dimensions, the vector from the origin to the point with Cartesian coordinates
where

can be written as:[7]

is the unit vector in the direction of the z-axis.

There is no natural interpretation of multiplying vectors to obtain another vector that works in all dimensions,
however there is a way to use complex numbers to provide such a multiplication. In a two dimensional cartesian
plane, identify the point with coordinates (x, y) with the complex number z = x + iy. Here, i is the complex number
whose square is the real number -1 and is identified with the point with coordinates (0,1), so it is not the unit vector
in the direction of the x-axis (this confusion is just an unfortunate historical accident). Since the complex numbers
can be multiplied giving another complex number, this identification provides a means to "multiply" vectors. In a
three dimensional cartesian space a similar identification can be made with a subset of the quaternions.

Cartesian coordinate system

Applications
Each axis may have different units of measurement associated with it (such as kilograms, seconds, pounds, etc.).
Although four- and higher-dimensional spaces are difficult to visualize, the algebra of Cartesian coordinates can be
extended relatively easily to four or more variables, so that certain calculations involving many variables can be
done. (This sort of algebraic extension is what is used to define the geometry of higher-dimensional spaces.)
Conversely, it is often helpful to use the geometry of Cartesian coordinates in two or three dimensions to visualize
algebraic relationships between two or three of many non-spatial variables.
The graph of a function or relation is the set of all points satisfying that function or relation. For a function of one
variable, f, the set of all points (x,y) where y = f(x) is the graph of the function f. For a function of two variables, g,
the set of all points (x,y,z) where z = g(x,y) is the graph of the function g. A sketch of the graph of such a function or
relation would consist of all the salient parts of the function or relation which would include its relative extrema, its
concavity and points of inflection, any points of discontinuity and its end behavior. All of these terms are more fully
defined in calculus. Such graphs are useful in calculus to understand the nature and behavior of a function or
relation.

Notes
[1] "analytic geometry". Encyclopædia Britannica (Encyclopædia Britannica Online ed.). 2008.
[2] A Tour of the Calculus, David Brezinsky
[3] Springer online reference Encyclopedia of Mathematics (http:/ / www. encyclopediaofmath. org/ index. php/
Cartesian_orthogonal_coordinate_system)
[4] Smart 1998, Chap. 2
[5] Brannan, Esplen & Gray 1998, pg. 49
[6] Brannan, Esplen & Gray 1998, Appendix 2, pp. 377-382
[7] David J. Griffith (1999). Introduction to Electromagnetics. Prentice Hall. ISBN 0-13-805326-X.
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External links
•
•
•
•
•

Cartesian Coordinate System (http://www.cut-the-knot.org/Curriculum/Calculus/Coordinates.shtml)
Printable Cartesian Coordinates (http://www.printfreegraphpaper.com/)
Cartesian coordinates (http://planetmath.org/?op=getobj&amp;from=objects&amp;id=6016) on PlanetMath
MathWorld description of Cartesian coordinates (http://mathworld.wolfram.com/CartesianCoordinates.html)
Coordinate Converter – converts between polar, Cartesian and spherical coordinates (http://www.
random-science-tools.com/maths/coordinate-converter.htm)
• Coordinates of a point (http://www.mathopenref.com/coordpoint.html) Interactive tool to explore coordinates
of a point

Dot product
In mathematics, the dot product or scalar product is an algebraic operation that takes two equal-length sequences
of numbers (usually coordinate vectors) and returns a single number obtained by multiplying corresponding entries
and then summing those products. The name "dot product" is derived from the centered dot " " that is often used
to designate this operation; the alternative name "scalar product" emphasizes the scalar (rather than vector) nature of
the result. At a basic level, the dot product is used to obtain the cosine of the angle between two vectors.
In a Euclidean vector space, the inner product is equivalent to a dot product: when two Euclidean vectors are
expressed on an orthonormal basis, their inner product is equal to their dot product. This is true only for Euclidean
space, in which scalars are real numbers; while both the inner and the dot product can be defined in different
contexts (for instance with complex numbers as scalars) their definitions in these contexts would not coincide. In
three dimensional space, the dot product contrasts with the cross product, which produces a vector as result.

Definition
The dot product of two vectors a = [a1, a2, ... , an] and b = [b1, b2, ... , bn] is defined as:

where Σ denotes summation notation and n is the dimension of the vector space.
In dimension 2, the dot product of vectors [a,b] and [c,d] is ac + bd. Similarly, in a dimension 3, the dot product of
vectors [a,b,c] and [d,e,f] is ad + be + cf. For example, the dot product of two three-dimensional vectors [1, 3, −5]
and [4, −2, −1] is

Given two column vectors, their dot product can also be obtained by multiplying the transpose of one vector with the
other vector and extracting the unique coefficient of the resulting 1 × 1 matrix. The operation of extracting the
coefficient of such a matrix can be written as taking its determinant or its trace (which is the same thing for 1 × 1
matrices); since in general tr(AB) = tr(BA) whenever AB or equivalently BA is a square matrix, one may write

More generally the coefficient (i,j) of a product of matrices is the dot product of the transpose of row i of the first
matrix and column j of the second matrix.
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Geometric interpretation

is the scalar projection of
Since

onto

, then

.
.

In Euclidean geometry, the dot product of vectors expressed in an orthonormal basis is related to their length and
angle. For such a vector , the dot product
is the square of the length of , or

where
where

denotes the length (magnitude) of

. If

is another such vector,

is the angle between them.

This formula can be rearranged to determine the size of the angle between two nonzero vectors:

The Cauchy–Schwarz inequality guarantees that the argument of

is valid.

One can also first convert the vectors to unit vectors by dividing by their magnitude:

then the angle

is given by

The terminal points of both unit vectors lie on the unit circle. The unit circle is where the trigonometric values for the
six trig functions are found. After substitution, the first vector component is cosine and the second vector component
is sine, i.e.
for some angle . The dot product of the two unit vectors then takes
and

for angles

and

and returns

where

.
As the cosine of 90° is zero, the dot product of two orthogonal vectors is always zero. Moreover, two vectors can be
considered orthogonal if and only if their dot product is zero, and they have non-null length. This property provides a
simple method to test the condition of orthogonality.
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Sometimes these properties are also used for "defining" the dot product, especially in 2 and 3 dimensions; this
definition is equivalent to the above one. For higher dimensions the formula can be used to define the concept of
angle.
The geometric properties rely on the basis being orthonormal, i.e. composed of pairwise perpendicular vectors with
unit length.

Scalar projection
If both

and

have length one (i.e., they are unit vectors), their dot product simply gives the cosine of the angle

between them.
If only

is a unit vector, then the dot product

the direction of

gives

, i.e., the magnitude of the projection of

, with a minus sign if the direction is opposite. This is called the scalar projection of

or scalar component of

in the direction of

in

onto

,

(see figure). This property of the dot product has several useful

applications (for instance, see next section).
If neither

nor

is a unit vector, then the magnitude of the projection of

the unit vector in the direction of

is

in the direction of

is

, as

.

Rotation
When an orthonormal basis that the vector is represented in terms of is rotated, 's matrix in the new basis is
obtained through multiplying by a rotation matrix . This matrix multiplication is just a compact representation
of a sequence of dot products.
For instance, let
•

and

be two different orthonormal bases of the same space

obtained by just rotating
,
•
represent vector in terms of
,
•
represent the same vector in terms of the rotated basis
•
,
,
, be the rotated basis vectors , , represented in terms of
Then the rotation from

to

Notice that the rotation matrix
and vector

,
.

is performed as follows:

is assembled by using the rotated basis vectors

these vectors are unit vectors. By definition,
rows of

, with

,

,

as its rows, and

consists of a sequence of dot products between each of the three

. Each of these dot products determines a scalar component of

in the direction of a

rotated basis vector (see previous section).
If

is a row vector, rather than a column vector, then

must post-multiply

:

must contain the rotated basis vectors in its columns, and

Dot product

Physics
In physics, vector magnitude is a scalar in the physical sense, i.e. a physical quantity independent of the coordinate
system, expressed as the product of a numerical value and a physical unit, not just a number. The dot product is also
a scalar in this sense, given by the formula, independent of the coordinate system. Example:
• Mechanical work is the dot product of force and displacement vectors.
• Magnetic flux is the dot product of the magnetic field and the area vectors.

Properties
The following properties hold if a, b, and c are real vectors and r is a scalar.
The dot product is commutative:

The dot product is distributive over vector addition:

The dot product is bilinear:

When multiplied by a scalar value, dot product satisfies:

(these last two properties follow from the first two).
Two non-zero vectors a and b are orthogonal if and only if a • b = 0.
Unlike multiplication of ordinary numbers, where if ab = ac, then b always equals c unless a is zero, the dot product
does not obey the cancellation law:
If a • b = a • c and a ≠ 0, then we can write: a • (b − c) = 0 by the distributive law; the result above says this
just means that a is perpendicular to (b − c), which still allows (b − c) ≠ 0, and therefore b ≠ c.
Provided that the basis is orthonormal, the dot product is invariant under isometric changes of the basis: rotations,
reflections, and combinations, keeping the origin fixed. The above mentioned geometric interpretation relies on this
property. In other words, for an orthonormal space with any number of dimensions, the dot product is invariant under
a coordinate transformation based on an orthogonal matrix. This corresponds to the following two conditions:
• The new basis is again orthonormal (i.e., it is orthonormal expressed in the old one).
• The new base vectors have the same length as the old ones (i.e., unit length in terms of the old basis).
If a and b are functions, then the derivative of a • b is a' • b + a • b'
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Triple product expansion
This is a very useful identity (also known as Lagrange's formula) involving the dot- and cross-products. It is
written as

which is easier to remember as "BAC minus CAB", keeping in mind which vectors are dotted together. This formula
is commonly used to simplify vector calculations in physics.

Proof of the geometric interpretation
Consider the element of Rn

Repeated application of the Pythagorean theorem yields for its length |v|

But this is the same as

so we conclude that taking the dot product of a vector v with itself yields the squared length of the vector.
Lemma 1

Now consider two vectors a and b extending from the origin, separated by an angle θ. A third vector c may be
defined as

creating a triangle with sides a, b, and c. According to the law of cosines, we have

Substituting dot products for the squared lengths according to Lemma 1, we get
(1)
But as c ≡ a − b, we also have
,
which, according to the distributive law, expands to
(2)
Merging the two c • c equations, (1) and (2), we obtain

Subtracting a • a + b • b from both sides and dividing by −2 leaves

Q.E.D.
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Generalization
Real vector spaces
The inner product generalizes the dot product to abstract vector spaces over the real numbers and is usually denoted
by
. Due to the geometric interpretation of the dot product the norm ||a|| of a vector a in such an inner
product space is defined as
such that it generalizes length, and the angle θ between two vectors a and b by

In particular, two vectors are considered orthogonal if their inner product is zero

Complex vectors
For vectors with complex entries, using the given definition of the dot product would lead to quite different
geometric properties. For instance the dot product of a vector with itself can be an arbitrary complex number, and
can be zero without the vector being the zero vector; this in turn would have severe consequences for notions like
length and angle. Many geometric properties can be salvaged, at the cost of giving up the symmetric and bilinear
properties of the scalar product, by alternatively defining

where bi is the complex conjugate of bi. Then the scalar product of any vector with itself is a non-negative real
number, and it is nonzero except for the zero vector. However this scalar product is not linear in b (but rather
conjugate linear), and the scalar product is not symmetric either, since

The angle between two complex vectors is then given by

This type of scalar product is nevertheless quite useful, and leads to the notions of Hermitian form and of general
inner product spaces.
The Frobenius inner product generalizes the dot product to matrices. It is defined as the sum of the products of the
corresponding components of two matrices having the same size.

Generalization to tensors
The dot product between a tensor of order n and a tensor of order m is a tensor of order n+m-2. The dot product is
calculated by multiplying and summing across a single index in both tensors. If
and
are two tensors with
element representation

and

the elements of the dot product

are given by

This definition naturally reduces to the standard vector dot product when applied to vectors, and matrix
multiplication when applied to matrices .
Occasionally, a double dot product is used to represent multiplying and summing across two indices. The double dot
product between two 2nd order tensors is a scalar quantity.

Dot product

External links
•
•
•
•
•
•
•

Weisstein, Eric W., "Dot product [1]" from MathWorld.
A quick geometrical derivation and interpretation of dot product [2]
Interactive GeoGebra Applet [3]
Java demonstration of dot product [4]
Another Java demonstration of dot product [5]
Explanation of dot product including with complex vectors [6]
"Dot Product" [7] by Bruce Torrence, Wolfram Demonstrations Project, 2007.
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Cross product
In mathematics, the cross product, vector product, or Gibbs vector product is a binary operation on two vectors
in three-dimensional space. It results in a vector which is perpendicular to both of the vectors being multiplied and
normal to the plane containing them. The name "cross product" is derived from the cross symbol "×" that is often
used to designate this operation; the alternative name "vector product" emphasizes the vector (rather than scalar)
nature of the result. It has many applications in mathematics, engineering and physics.
If either of the vectors being multiplied is zero or the vectors are parallel then their cross product is zero. More
generally, the magnitude of the product equals the area of a parallelogram with the vectors for sides; in particular for
perpendicular vectors this is a rectangle and the magnitude of the product is the product of their lengths. The cross
product is anticommutative, distributive over addition and satisfies the Jacobi identity. The space and product form
an algebra over a field, which is neither commutative nor associative, but is a Lie algebra with the cross product
being the Lie bracket.
Like the dot product, it depends on the metric of Euclidean space, but unlike the dot product, it also depends on the
choice of orientation or "handedness". The product can be generalized in various ways; it can be made independent
of orientation by changing the result to pseudovector, or in arbitrary dimensions the exterior product of vectors can
be used with a bivector or two-form result. Also, using the orientation and metric structure just as for the traditional
3-dimensional cross product, one can in n dimensions take the product of n − 1 vectors to produce a vector
perpendicular to all of them. But if the product is limited to non-trivial binary products with vector results, it exists
only in three and seven dimensions.[1]
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The cross-product in respect to a right-handed
coordinate system

Definition
The cross product of two vectors a and b is denoted by a × b. In
physics, sometimes the notation a ∧ b is used,[2] though this is avoided
in mathematics to avoid confusion with the exterior product.
The cross product a × b is defined as a vector c that is perpendicular to
both a and b, with a direction given by the right-hand rule and a
magnitude equal to the area of the parallelogram that the vectors span.
The cross product is defined by the formula[3] [4]

Finding the direction of the cross product by the
right-hand rule

where θ is the measure of the smaller angle between a and b (0° ≤ θ ≤ 180°), a and b are the magnitudes of vectors a
and b (i.e., a = |a| and b = |b|), and n is a unit vector perpendicular to the plane containing a and b in the direction
given by the right-hand rule as illustrated. If the vectors a and b are parallel (i.e., the angle θ between them is either
0° or 180°), by the above formula, the cross product of a and b is the zero vector 0.
The direction of the vector n is given by the right-hand rule, where one simply points the forefinger of the right hand
in the direction of a and the middle finger in the direction of b. Then, the vector n is coming out of the thumb (see
the picture on the right). Using this rule implies that the cross-product is anti-commutative, i.e., b × a = −(a × b). By
pointing the forefinger toward b first, and then pointing the middle finger toward a, the thumb will be forced in the
opposite direction, reversing the sign of the product vector.
Using the cross product requires the handedness of the coordinate system to be taken into account (as explicit in the
definition above). If a left-handed coordinate system is used, the direction of the vector n is given by the left-hand
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rule and points in the opposite direction.
This, however, creates a problem because transforming from one arbitrary reference system to another (e.g., a mirror
image transformation from a right-handed to a left-handed coordinate system), should not change the direction of n.
The problem is clarified by realizing that the cross-product of two vectors is not a (true) vector, but rather a
pseudovector. See cross product and handedness for more detail.

Computing the cross product
Coordinate notation
The standard basis vectors i, j, and k satisfy the following equalities:

Together with the skew-symmetry and bilinearity of the product, these three identities are sufficient to determine the
cross product of any two vectors. In particular, the following identities can be established:

(the zero vector)
These can be used to compute the product of two general vectors, a = a1i + a2j + a3k and b = b1i + b2j + b3k, by
expanding the product using distributivity then collecting similar terms:

Or written as column vectors:

Matrix notation
The definition of the cross product can also be represented by the determinant of a formal matrix:

This determinant can be computed using Sarrus' rule or Cofactor expansion.
Using Sarrus' Rule, it expands to
Using Cofactor expansion along the first row instead, it expands to[5]

which gives the components of the resulting vector directly.
An elegant, alternative derivation is based on an isometric sketch of (x,y,z) axes with the (x,y,z) components of each
vector (A,B) drawn parallel to the corresponding axes. The resulting formula for the constituents of the cross product
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(C = A x B) then appears by inspection, provided we are careful to take all orthogonal cross products in the order
A:B (such as Az x Bx). For example, this method yields the magnitude (Cz = AxBy - AyBx) for the vector
component along the z-axis and unit vector (k).

Properties
Geometric meaning
The magnitude of the cross product can be interpreted as
the positive area of the parallelogram having a and b as
sides (see Figure 1):

Figure 1. The area of a parallelogram as a cross
product

Figure 2. Three vectors defining a parallelepiped

Indeed, one can also compute the volume V of a parallelepiped having a, b and c as sides by using a combination of
a cross product and a dot product, called scalar triple product (see Figure 2):

Since the result of the scalar triple product may be negative, the volume of the parallelepiped is given by its absolute
value. For instance,

Because the magnitude of the cross product goes by the sine of the angle between its arguments, the cross product
can be thought of as a measure of "perpendicularness" in the same way that the dot product is a measure of
"parallelness". Given two unit vectors, their cross product has a magnitude of 1 if the two are perpendicular and a
magnitude of zero if the two are parallel. The opposite is true for the dot product of two unit vectors.
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Unit vectors enable two convenient identities: the dot product of two unit vectors yields the cosine (which may be
positive or negative) of the angle between the two unit vectors. The magnitude of the cross product of the two unit
vectors yields the sine (which will always be positive).

Algebraic properties
The cross product is anticommutative,

distributive over addition,

and compatible with scalar multiplication so that

It is not associative, but satisfies the Jacobi identity:
Distributivity, linearity and Jacobi identity show that R3 together with vector addition and the cross product forms a
Lie algebra, the Lie algebra of the real orthogonal group in 3 dimensions, SO(3).
The cross product does not obey the cancellation law: a × b = a × c with non-zero a does not imply that b = c.
Instead if a × b = a × c:

If neither a nor b - c is zero then from the definition of the cross product the angle between them must be zero and
they must be parallel. They are related by a scale factor, so one of b or c can be expressed in terms of the other, for
example

for some scalar t.
If a · b = a · c and a × b = a × c, for non-zero vector a, then b = c, as
and
so b − c is both parallel and perpendicular to the non-zero vector a, something that is only possible if b − c = 0 so
they are identical.
From the geometrical definition the cross product is invariant under rotations about the axis defined by a × b. More
generally the cross product obeys the following identity under matrix transformations:

where

is a 3 by 3 matrix and

is the transpose of the inverse

The cross product of two vectors in 3-D always lies in the null space of the matrix with the vectors as rows:

For the sum of two cross products, the following identity holds:
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Differentiation
The product rule applies to the cross product in a similar manner:

This identity can be easily proved using the matrix multiplication representation.

Triple product expansion
The cross product is used in both forms of the triple product. The scalar triple product of three vectors is defined as

It is the signed volume of the parallelepiped with edges a, b and c and as such the vectors can be used in any order
that's an even permutation of the above ordering. The following therefore are equal:

The vector triple product is the cross product of a vector with the result of another cross product, and is related to the
dot product by the following formula

The mnemonic "BAC minus CAB" is used to remember the order of the vectors in the right hand member. This
formula is used in physics to simplify vector calculations. A special case, regarding gradients and useful in vector
calculus, is

where ∇2 is the vector Laplacian operator.
Another identity relates the cross product to the scalar triple product:

Alternative formulation
The cross product and the dot product are related by:

The right-hand side is the Gram determinant of a and b, the square of the area of the parallelogram defined by the
vectors. This condition determines the magnitude of the cross product. Namely, since the dot product is defined, in
terms of the angle θ between the two vectors, as:

the above given relationship can be rewritten as follows:

Invoking the Pythagorean trigonometric identity one obtains:

which is the magnitude of the cross product expressed in terms of θ, equal to the area of the parallelogram defined by
a and b (see definition above).
The combination of this requirement and the property that the cross product be orthogonal to its constituents a and b
provides an alternative definition of the cross product.[6]
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Lagrange's identity
The relation:
can be compared with another relation involving the right-hand side, namely Lagrange's identity expressed as:[7]

where a and b may be n-dimensional vectors. In the case n=3, combining these two equations results in the
expression for the magnitude of the cross product in terms of its components:[8]

The same result is found directly using the components of the cross-product found from:

In R3 Lagrange's equation is a special case of the multiplicativity |vw| = |v||w| of the norm in the quaternion algebra.
It is a special case of another formula, also sometimes called Lagrange's identity, which is the three dimensional case
of the Binet-Cauchy identity:[9] [10]

If a = c and b = d this simplifies to the formula above.

Alternative ways to compute the cross product
Conversion to matrix multiplication
The vector cross product also can be expressed as the product of a skew-symmetric matrix and a vector:[9]

where superscript T refers to the Transpose matrix, and [a]× is defined by:

Also, if a is itself a cross product:

then

This result can be generalized to higher dimensions using geometric algebra. In particular in any dimension bivectors
can be identified with skew-symmetric matrices, so the product between a skew-symmetric matrix and vector is
equivalent to the grade-1 part of the product of a bivector and vector. In three dimensions bivectors are dual to
vectors so the product is equivalent to the cross product, with the bivector instead of its vector dual. In higher
dimensions the product can still be calculated but bivectors have more degrees of freedom and are not equivalent to
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vectors.
This notation is also often much easier to work with, for example, in epipolar geometry.
From the general properties of the cross product follows immediately that
and
and from fact that [a]× is skew-symmetric it follows that
The above-mentioned triple product expansion (bac-cab rule) can be easily proven using this notation.
The above definition of [a]× means that there is a one-to-one mapping between the set of 3×3 skew-symmetric
matrices, also known as the Lie algebra of SO(3), and the operation of taking the cross product with some vector a.

Index notation
The cross product can alternatively be defined in terms of the Levi-Civita symbol, εijk:

where the indices
correspond, as in the previous section, to orthogonal vector components. This
characterization of the cross product is often expressed more compactly using the Einstein summation convention as

in which repeated indices are summed from 1 to 3. Note that this representation is another form of the
skew-symmetric representation of the cross product:

In classical mechanics: representing the cross-product with the Levi-Civita symbol can cause
mechanical-symmetries to be obvious when physical-systems are isotropic in space. (Quick example: consider a
particle in a Hooke's Law potential in three-space, free to oscillate in three dimensions; none of these dimensions are
"special" in any sense, so symmetries lie in the cross-product-represented angular-momentum which are made clear
by the abovementioned Levi-Civita representation).

Mnemonic
The word "xyzzy" can be used to remember the definition of the cross product.
If

where:

then:

The second and third equations can be obtained from the first by simply vertically rotating the subscripts, x → y → z
→ x. The problem, of course, is how to remember the first equation, and two options are available for this purpose:
either to remember the relevant two diagonals of Sarrus's scheme (those containing i), or to remember the xyzzy
sequence.
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Since the first diagonal in Sarrus's scheme is just the main diagonal of the above-mentioned
three letters of the word xyzzy can be very easily remembered.

matrix, the first

Cross Visualization
Similarly to the mnemonic device above, a "cross" or X can be visualized between the two vectors in the equation.
This may help you to remember the correct cross product formula.
If

then:

If we want to obtain the formula for

we simply drop the

and

from the formula, and take the next two

components down -

It should be noted that when doing this for

the next two elements down should "wrap around" the matrix so that

after the z component comes the x component. For clarity, when performing this operation for
components should be z and x (in that order). While for

, the next two

the next two components should be taken as x and y.

For
then, if we visualize the cross operator as pointing from an element on the left to an element on the right, we
can take the first element on the left and simply multiply by the element that the cross points to in the right hand
matrix. We then subtract the next element down on the left, multiplied by the element that the cross points to here as
well. This results in our
formula -

We can do this in the same way for

and

to construct their associated formulas.

Applications
Computational geometry
The cross product can be used to calculate the normal for a triangle or polygon, an operation frequently performed in
computer graphics. For example, the winding of polygon (clockwise or anticlockwise) about a point within the
polygon (i.e. the centroid or mid-point) can be calculated by triangulating the polygon (like spoking a wheel) and
summing the angles (between the spokes) using the cross product to keep track of the sign of each angle.
In computational geometry of the plane, the cross product is used to determine the sign of the acute angle defined by
three points
,
and
. It corresponds to the direction of the cross product of the two
coplanar vectors defined by the pairs of points
and
, i.e., by the sign of the expression
. In the "right-handed" coordinate system, if the result is 0, the points are
collinear; if it is positive, the three points constitute a negative angle of rotation around from to , otherwise
a positive angle. From another point of view, the sign of tells whether lies to the left or to the right of line
.
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Mechanics
Moment of a force

applied at point B around point A is given as:

Other
The cross product occurs in the formula for the vector operator curl. It is also used to describe the Lorentz force
experienced by a moving electrical charge in a magnetic field. The definitions of torque and angular momentum also
involve the cross product.
The trick of rewriting a cross product in terms of a matrix multiplication appears frequently in epipolar and
multi-view geometry, in particular when deriving matching constraints.

Cross product as an exterior product
The cross product can be viewed in terms of the exterior product. This
view allows for a natural geometric interpretation of the cross product.
In exterior calculus the exterior product (or wedge product) of two
vectors is a bivector. A bivector is an oriented plane element, in much
the same way that a vector is an oriented line element. Given two
vectors a and b, one can view the bivector a∧b as the oriented
parallelogram spanned by a and b. The cross product is then obtained
by taking the Hodge dual of the bivector a∧b, identifying 2-vectors
with vectors:
The cross product in relation to the exterior
product. In red are the orthogonal unit vector, and
the "parallel" unit bivector.

This can be thought of as the oriented multi-dimensional element "perpendicular" to the bivector. Only in three
dimensions is the result an oriented line element – a vector – whereas, for example, in 4 dimensions the Hodge dual
of a bivector is two-dimensional – another oriented plane element. So, only in three dimensions is the cross product
of a and b the vector dual to the bivector a∧b: it is perpendicular to the bivector, with orientation dependent on the
coordinate system's handedness, and has the same magnitude relative to the unit normal vector as a∧b has relative to
the unit bivector; precisely the properties described above.

Cross product and handedness
When measurable quantities involve cross products, the handedness of the coordinate systems used cannot be
arbitrary. However, when physics laws are written as equations, it should be possible to make an arbitrary choice of
the coordinate system (including handedness). To avoid problems, one should be careful to never write down an
equation where the two sides do not behave equally under all transformations that need to be considered. For
example, if one side of the equation is a cross product of two vectors, one must take into account that when the
handedness of the coordinate system is not fixed a priori, the result is not a (true) vector but a pseudovector.
Therefore, for consistency, the other side must also be a pseudovector.
More generally, the result of a cross product may be either a vector or a pseudovector, depending on the type of its
operands (vectors or pseudovectors). Namely, vectors and pseudovectors are interrelated in the following ways under
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application of the cross product:
•
•
•
•

vector × vector = pseudovector
pseudovector × pseudovector = pseudovector
vector × pseudovector = vector
pseudovector × vector = vector.

So by the above relationships, the unit basis vectors i, j and k of an orthonormal, right-handed (Cartesian) coordinate
frame must all be pseudovectors (if a basis of mixed vector types is disallowed, as it normally is) since i × j = k, j ×
k = i and k × i = j.
Because the cross product may also be a (true) vector, it may not change direction with a mirror image
transformation. This happens, according to the above relationships, if one of the operands is a (true) vector and the
other one is a pseudovector (e.g., the cross product of two vectors). For instance, a vector triple product involving
three (true) vectors is a (true) vector.
A handedness-free approach is possible using exterior algebra.

Generalizations
There are several ways to generalize the cross product to the higher dimensions.

Lie algebra
The cross product can be seen as one of the simplest Lie products, and is thus generalized by Lie algebras, which are
axiomatized as binary products satisfying the axioms of multilinearity, skew-symmetry, and the Jacobi identity.
Many Lie algebras exist, and their study is a major field of mathematics, called Lie theory.
For example, the Heisenberg algebra gives another Lie algebra structure on

In the basis

the product is

Quaternions
Further information: quaternions and spatial rotation
The cross product can also be described in terms of quaternions, and this is why the letters i, j, k are a convention for
the standard basis on
. The unit vectors i, j, k correspond to "binary" (180 deg) rotations about their respective
axes (Altmann, S. L., 1986, Ch. 12), said rotations being represented by "pure" quaternions (zero scalar part) with
unit norms.
For instance, the above given cross product relations among i, j, and k agree with the multiplicative relations among
the quaternions i, j, and k. In general, if a vector [a1, a2, a3] is represented as the quaternion a1i + a2j + a3k, the cross
product of two vectors can be obtained by taking their product as quaternions and deleting the real part of the result.
The real part will be the negative of the dot product of the two vectors.
Alternatively and more straightforwardly, using the above identification of the 'purely imaginary' quaternions with
, the cross product may be thought of as half of the commutator of two quaternions.
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Octonions
A cross product for 7-dimensional vectors can be obtained in the same way by using the octonions instead of the
quaternions. The nonexistence of such cross products of two vectors in other dimensions is related to the result that
the only normed division algebras are the ones with dimension 1, 2, 4, and 8; Hurwitz's theorem.

Wedge product
In general dimension, there is no direct analogue of the binary cross product. There is however the wedge product,
which has similar properties, except that the wedge product of two vectors is now a 2-vector instead of an ordinary
vector. As mentioned above, the cross product can be interpreted as the wedge product in three dimensions after
using Hodge duality to identify 2-vectors with vectors.
The wedge product and dot product can be combined to form the Clifford product.

Multilinear algebra
In the context of multilinear algebra, the cross product can be seen as the (1,2)-tensor (a mixed tensor, specifically a
bilinear map) obtained from the 3-dimensional volume form,[11] a (0,3)-tensor, by raising an index.
In detail, the 3-dimensional volume form defines a product
by taking the determinant of the matrix
given by these 3 vectors. By duality, this is equivalent to a function
(fixing any two inputs gives a
function
by evaluating on the third input) and in the presence of an inner product (such as the dot product;
more generally, a non-degenerate bilinear form), we have an isomorphism
and thus this yields a map
which is the cross product: a (0,3)-tensor (3 vector inputs, scalar output) has been transformed into a
(1,2)-tensor (2 vector inputs, 1 vector output) by "raising an index".
Translating the above algebra into geometry, the function "volume of the parallelepiped defined by

" (where

the first two vectors are fixed and the last is an input), which defines a function
, can be represented uniquely
as the dot product with a vector: this vector is the cross product
From this perspective, the cross product is
defined by the scalar triple product,
In the same way, in higher dimensions one may define generalized cross products by raising indices of the
n-dimensional volume form, which is a
-tensor. The most direct generalizations of the cross product are to
define either:
• a

-tensor, which takes as input

vectors, and gives as output 1 vector – an

-ary vector-valued

product, or
• a
-tensor, which takes as input 2 vectors and gives as output skew-symmetric tensor of rank n−2 – a
binary product with rank n−2 tensor values. One can also define

-tensors for other k.

These products are all multilinear and skew-symmetric, and can be defined in terms of the determinant and parity.
The

-ary product can be described as follows: given

cross product

vectors

in

define their generalized

as:

• perpendicular to the hyperplane defined by the
• magnitude is the volume of the parallelotope defined by the
of the
• oriented so that
is positively oriented.

which can be computed as the Gram determinant

This is the unique multilinear, alternating product which evaluates to
for cyclic permutations of indices.
In coordinates, one can give a formula for this

,

-ary analogue of the cross product in Rn by:

and so forth
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This formula is identical in structure to the determinant formula for the normal cross product in R3 except that the
row of basis vectors is the last row in the determinant rather than the first. The reason for this is to ensure that the
ordered vectors (v1,...,vn-1,Λ(v1,...,vn-1)) have a positive orientation with respect to (e1,...,en). If n is odd, this
modification leaves the value unchanged, so this convention agrees with the normal definition of the binary product.
In the case that n is even, however, the distinction must be kept. This
-ary form enjoys many of the same
properties as the vector cross product: it is alternating and linear in its arguments, it is perpendicular to each
argument, and its magnitude gives the hypervolume of the region bounded by the arguments. And just like the vector
cross product, it can be defined in a coordinate independent way as the Hodge dual of the wedge product of the
arguments.

History
In 1773, Joseph Louis Lagrange introduced the component form of both the dot and cross products in order to study
the tetrahedron in three dimensions.[12] In 1843 the Irish mathematical physicist Sir William Rowan Hamilton
introduced the quaternion product, and with it the terms "vector" and "scalar". Given two quaternions [0, u] and [0,
v], where u and v are vectors in R3, their quaternion product can be summarized as [−u·v, u×v]. James Clerk
Maxwell used Hamilton's quaternion tools to develop his famous electromagnetism equations, and for this and other
reasons quaternions for a time were an essential part of physics education.
In 1878 William Kingdon Clifford published his Elements of Dynamic which was an advanced text for its time. He
defined the product of two vectors[13] to have magnitude equal to the area of the parallelogram of which they are two
sides, and direction perpendicular to their plane.
Oliver Heaviside in England and Josiah Willard Gibbs, a professor at Yale University in Connecticut, also felt that
quaternion methods were too cumbersome, often requiring the scalar or vector part of a result to be extracted. Thus,
about forty years after the quaternion product, the dot product and cross product were introduced—to heated
opposition. Pivotal to (eventual) acceptance was the efficiency of the new approach, allowing Heaviside to reduce
the equations of electromagnetism from Maxwell's original 20 to the four commonly seen today.[14]
Largely independent of this development, and largely unappreciated at the time, Hermann Grassmann created a
geometric algebra not tied to dimension two or three, with the exterior product playing a central role. William
Kingdon Clifford combined the algebras of Hamilton and Grassmann to produce Clifford algebra, where in the case
of three-dimensional vectors the bivector produced from two vectors dualizes to a vector, thus reproducing the cross
product.
The cross notation, which began with Gibbs, inspired the name "cross product". Originally it appeared in privately
published notes for his students in 1881 as Elements of Vector Analysis. The utility for mechanics was noted by
Aleksandr Kotelnikov. Gibbs's notation —and the name— later reached a wide audience through Vector Analysis, a
textbook by Edwin Bidwell Wilson, a former student. Wilson rearranged material from Gibbs's lectures, together
with material from publications by Heaviside, Föpps, and Hamilton. He divided vector analysis into three parts:
First, that which concerns addition and the scalar and vector products of vectors. Second, that which concerns
the differential and integral calculus in its relations to scalar and vector functions. Third, that which contains
the theory of the linear vector function.
Two main kinds of vector multiplications were defined, and they were called as follows:
• The direct, scalar, or dot product of two vectors
• The skew, vector, or cross product of two vectors
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Several kinds of triple products and products of more than three vectors were also examined. The above mentioned
triple product expansion was also included.

Notes
[1] WS Massey (1983). "Cross products of vectors in higher dimensional Euclidean spaces". The American Mathematical Monthly 90 (10):
697–701. doi:10.2307/2323537. JSTOR 2323537. "If one requires only three basic properties of the cross product ... it turns out that a cross
product of vectors exists only in 3-dimensional and 7-dimensional Euclidean space."
[2] Jeffreys, H and Jeffreys, BS (1999). Methods of mathematical physics (http:/ / worldcat. org/ oclc/ 41158050?tab=details). Cambridge
University Press. .
[3] Wilson 1901, p. 60–61
[4] Dennis G. Zill, Michael R. Cullen (2006). "Definition 7.4: Cross product of two vectors" (http:/ / books. google. com/
?id=x7uWk8lxVNYC& pg=PA324). Advanced engineering mathematics (3rd ed.). Jones & Bartlett Learning. p. 324. ISBN 076374591X. .
[5] Dennis G. Zill, Michael R. Cullen (2006). "Equation 7: a × b as sum of determinants" (http:/ / books. google. com/ ?id=x7uWk8lxVNYC&
pg=PA321). cited work. Jones & Bartlett Learning. p. 321. ISBN 076374591X. .
[6] WS Massey (Dec. 1983). "Cross products of vectors in higher dimensional Euclidean spaces". The American Mathematical Monthly (The
American Mathematical Monthly, Vol. 90, No. 10) 90 (10): 697–701. doi:10.2307/2323537. JSTOR 2323537.
[7] Vladimir A. Boichenko, Gennadiĭ Alekseevich Leonov, Volker Reitmann (2005). Dimension theory for ordinary differential equations (http:/
/ books. google. com/ ?id=9bN1-b_dSYsC& pg=PA26). Vieweg+Teubner Verlag. p. 26. ISBN 3519004372. .
[8] Pertti Lounesto (2001). Clifford algebras and spinors (http:/ / books. google. com/ ?id=kOsybQWDK4oC& pg=PA94& dq="which+ in+
coordinate+ form+ means+ Lagrange's+ identity"& cd=1#v=onepage& q="which in coordinate form means Lagrange's identity") (2nd ed.).
Cambridge University Press. p. 94. ISBN 0521005515. .
[9] Shuangzhe Liu and Gõtz Trenkler (2008). "Hadamard, Khatri-Rao, Kronecker and other matrix products" (http:/ / www. math. ualberta. ca/
ijiss/ SS-Volume-4-2008/ No-1-08/ SS-08-01-17. pdf). Int J Information and systems sciences (Institute for scientific computing and
education) 4 (1): 160–177. .
[10] by Eric W. Weisstein (2003). "Binet-Cauchy identity" (http:/ / books. google. com/ ?id=8LmCzWQYh_UC& pg=PA228). CRC concise
encyclopedia of mathematics (2nd ed.). CRC Press. p. 228. ISBN 1584883472. .
[11] By a volume form one means a function that takes in n vectors and gives out a scalar, the volume of the parallelotope defined by the vectors:
This is an n-ary multilinear skew-symmetric form. In the presence of a basis, such as on
this is given by the
determinant, but in an abstract vector space, this is added structure. In terms of G-structures, a volume form is an
-structure.
[12] Lagrange, JL (1773). "Solutions analytiques de quelques problèmes sur les pyramides triangulaires". Oeuvres. vol 3.
[13] William Kingdon Clifford (1878) Elements of Dynamic (http:/ / dlxs2. library. cornell. edu/ cgi/ t/ text/
text-idx?c=math;cc=math;view=toc;subview=short;idno=04370002), Part I, page 95, London: MacMillan & Co; online presentation by
Cornell University Historical Mathematical Monographs
[14] Nahin, Paul J. (2000). Oliver Heaviside: the life, work, and times of an electrical genius of the Victorian age. JHU Press. pp. 108–109.
ISBN 0-801-86909-9.
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Spherical coordinate system
In mathematics, a spherical coordinate system is a
coordinate system for three-dimensional space where the
position of a point is specified by three numbers: the
radial distance of that point from a fixed origin, its
inclination angle measured from a fixed zenith direction,
and the azimuth angle of its orthogonal projection on a
reference plane that passes through the origin and is
orthogonal to the zenith, measured from a fixed reference
direction on that plane. The inclination angle is often
replaced by the elevation angle measured from the
reference plane.
The radial distance is also called the radius or radial
coordinate, and the inclination may be called colatitude,
zenith angle, normal angle, or polar angle.
A spherical coordinate system with origin O, zenith direction Z
In geography and astronomy, the elevation and azimuth
and azimuth axis A. The point has radius r = 4, inclination θ = 70°,
(or quantities very close to them) are called the latitude
and azimuth φ = 130°.
and longitude for geography and "declination" and "right
ascension" for astronomy, respectively; and the radial distance is usually replaced by an altitude (measured from a
central point or from a sea level surface).

The concept of spherical coordinates can be extended to higher dimensional spaces and are then referred to as
hyperspherical coordinates.
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An alternate spherical coordinate system, using elevation from the
reference plane instead of inclination from the zenith. The point
has radius r = 4, elevation θ = 50°, and azimuth φ = 130°. The
system above is an example of a left-handed coordinate system.

Definition
To define a spherical coordinate system, one must choose
two orthogonal directions, the zenith and the azimuth
reference, and an origin point in space. These choices
determine a reference plane that contains the origin and is
perpendicular to the zenith. The spherical coordinates of a
point P are then defined as follows:
• the radius or radial distance is the Euclidean distance
from the origin O to P.
• the inclination (or polar angle) is the angle between
the zenith direction and the line segment OP.
• the azimuth (or azimuthal angle) is the signed angle
measured from the azimuth reference direction to the
orthogonal projection of the line segment OP on the
reference plane.
The sign of the azimuth is determined by choosing what
is a positive sense of turning about the zenith. This choice
is arbitrary, and is part of the coordinate system's
definition.
The elevation angle is 90 degrees (π/2 radians) minus the
inclination angle.

Illustration of spherical coordinates. The red sphere shows the
points with r = 2, the blue cone shows the points with inclination
(or elevation) θ = 45°, and the yellow half-plane shows the points
with azimuth φ = −60°. The zenith direction is vertical, and the
zero-azimuth axis is highlighted in green. The spherical
coordinates (2,45°,−60°) determine the point of space where those
three surfaces intersect, shown as a black sphere.

If the inclination is zero or 180 degrees (π radians), the
azimuth is arbitrary. If the radius is zero, both azimuth and inclination are arbitrary.
In linear algebra, the vector from the origin O to the point P is often called the position vector of P.
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Conventions
Several different conventions exist for representing the three coordinates, and for the order in which they should be
written. The use of (r, θ, φ) to denote, respectively, radial distance, inclination (or elevation), and azimuth, is
common practice in physics, and is specified by ISO standard 31-11.
However, some authors (including mathematicians) use φ for inclination (or elevation) and θ for azimuth, which
"provides a logical extension of the usual polar coordinates notation".[1] Some authors may also list the azimuth
before the inclination (or elevation), and/or use ρ instead of r for radial distance. Some combinations of these choices
result in a left-handed coordinate system. The standard convention (r, θ, φ) conflicts with the usual notation for the
two-dimensional polar coordinates, where θ is often used for the azimuth. It may also conflict with the notation used
for three-dimensional cylindrical coordinates. [1]
The angles are typically measured in degrees (°) or radians (rad), where 360° = 2π rad. Degrees are most common in
geography, astronomy, and engineering, whereas radians are commonly used in mathematics and theoretical physics.
The unit for radial distance is usually determined by the context.
When the system is used for physical three-space, it is customary to use positive sign for azimuth angles that are
measured in the counter-clockwise sense from the reference direction on the reference plane, as seen from the zenith
side of the plane. This convention is used, in particular, for geographical coordinates, where the "zenith" direction is
north and positive azimuth (longitude) angles are measured eastwards from some prime meridian.

Major conventions
coordinates

corresponding local geographical directions

right/left-handed

right
right
left
Note: easting (

), northing (

), upwardness (

). Local azimuth angle would be measured, e.g., counter-clockwise from
case of
.

to

in the

Unique coordinates
Any spherical coordinate triplet (r, θ, φ) specifies a single point of three-dimensional space. On the other hand, every
point has infinitely many equivalent spherical coordinates. One can add or subtract any number of full turns to either
angular measure without changing the angles themselves, and therefore without changing the point. It is also
convenient, in many contexts, to allow negative radial distances, with the convention that (−r, θ, φ) is equivalent to
(r, θ+180°, φ) for any r, θ, and φ. Moreover, (r, −θ, φ) is equivalent to(r, θ, φ+180°).
If it is necessary to define a unique set of spherical coordinates for each point, one may restrict their ranges. A
common choice is:
r≥0
0° ≤ θ ≤ 180° (π rad)
0° ≤ φ < 360° (2π rad)
However, the azimuth φ is often restricted to the interval (−180°, +180°], or (−π, +π] in radians, instead of [0, 360°).
This is the standard convention for geographic longitude.
The range [0°, 180°] for inclination is equivalent to [−90°, +90°] for elevation (latitude).
Even with these restrictions, if θ is zero or 180° (elevation is 90° or -90°) then the azimuth angle is arbitrary; and if r
is zero, both azimuth and inclination/elevation are arbitrary. To make the coordinates unique one can use the
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convention that in these cases the arbitrary coordinates are zero.

Plotting
To plot a point from its spherical coordinates (r, θ, φ), where θ is inclination, move r units from the origin in the
zenith direction, rotate by θ about the origin towards the azimuth reference direction, and rotate by φ about the
zenith in the proper direction.

Applications
The geographic coordinate system uses the azimuth and elevation of the spherical coordinate system to express
locations on Earth, calling them respectively longitude and latitude. Just as the two-dimensional Cartesian coordinate
system is useful on the plane, a two-dimensional spherical coordinate system is useful on the surface of a sphere. In
this system, the sphere is taken as a unit sphere, so the radius is unity and can generally be ignored. This
simplification can also be very useful when dealing with objects such as rotational matrices.
Spherical coordinates are useful in analyzing systems that have some degree of symmetry about a point, such as
volume integrals inside a sphere, the potential energy field surrounding a concentrated mass or charge, or global
weather simulation in a planet's atmosphere. A sphere that has the Cartesian equation x2 + y2 + z2 = c2 has the simple
equation r = c in spherical coordinates.
Two important partial differential equations that arise in many physical problems, Laplace's equation and the
Helmholtz equation, allow a separation of variables in spherical coordinates. The angular portions of the solutions to
such equations take the form of spherical harmonics.
Another application is ergonomic design, where r is the arm length of a stationary person and the angles describe the
direction of the arm as it reaches out.
Three dimensional modeling of loudspeaker output patterns can be
used to predict their performance. A number of polar plots are
required, taken at a wide selection of frequencies, as the pattern
changes greatly with frequency. Polar plots help to show that many
loudspeakers tend toward omnidirectionality at lower frequencies.
The spherical coordinate system is also commonly used in 3D game
development to rotate the camera around the player's position.

Coordinate system conversions
As the spherical coordinate system is only one of many
three-dimensional coordinate systems, there exist equations for
converting coordinates between the spherical coordinate system and
others.

Cartesian coordinates
The spherical coordinates (ρ, φ, θ) of a point can be obtained from its
Cartesian coordinates (x, y, z) by the formulae

The output pattern of an industrial loudspeaker
shown using spherical polar plots taken at six
frequencies

Spherical coordinate system

The inverse tangent denoted in φ = arctan(y/x) must be suitably defined, taking into account the correct quadrant of
(x,y). See article atan2.
Alternatively, the conversion can be considered as two sequential rectangular to polar conversions: the first in the
Cartesian x−y plane from (x,y) to (R,φ), where R is the projection of r onto the x−y plane, and the second in the
Cartesian z-R plane from (z,R) to (r,θ). The correct quadrants for φ and θ are implied by the correctness of the planar
rectangular to polar conversions.
These formulae assume that the two systems have the same origin, that the spherical reference plane is the Cartesian
x−y plane, that θ is inclination from the z direction, and that the azimuth angles are measured from the Cartesian x
axis (so that the y axis has φ=+90°). If θ measures elevation from the reference plane instead of inclination from the
zenith the arccos above becomes an arcsin, and the cos θ and sin θ below become switched.
Conversely, the Cartesian coordinates may be retrieved from the spherical coordinates (r, φ, θ), where r ∈ [0, ∞ ), φ
∈ [0, 2π ), θ ∈ [0, π ], by:

Geographic coordinates
To a first approximation, the geographic coordinate system uses elevation angle (latitude), usually denoted by δ or θ,
in degrees north of the equator plane, in the range −90° ≤ δ ≤ 90°, instead of inclination. The azimuth angle
(longitude) is measured in degrees east or west from some conventional reference meridian (most commonly that of
the Greenwich Observatory), so its domain is −180° ≤ φ ≤ 180°. For positions on the Earth or other solid celestial
body, the reference plane is usually taken to be the plane perpendicular to the axis of rotation. In astronomy one may
measure latitude either from the celestial equator (defined by the Earth's rotation) or the plane of the ecliptic (defined
by Earth's orbit around the sun) or, sometimes, the galactic equator (defined by the rotation of the galaxy).
The zenith angle or inclination, which is 90° minus the latitude and ranges from 0 to 180°, is called colatitude in
geography.
Instead of the radial distance, geographers commonly use altitude above some reference surface, which may be the
sea level or "mean" surface level for planets without liquid oceans. The radial distance r can be computed from the
altitude by adding the mean radius of the planet's reference surface, which is approximately 6,360±11 km for Earth.
However, modern geographical coordinate systems are quite complex, and the positions implied by these simple
formulae may be wrong by several kilometers. The precise standard meanings of latitude, longitude and altitude are
currently defined by the World Geodetic System (WGS), and take into account the flattening of the Earth at the poles
(about 21 km) and many other details.

34

Spherical coordinate system

35

Cylindrical coordinates
Cylindrical coordinates (r, φ, z) may be converted into spherical coordinates (ρ, θ, φ), by the formulas

Conversely, the spherical coordinates may be converted into cylindrical coordinates by the formulae

These formulae assume that the two systems have the same origin and same reference plane, measure the azimuth
angle φ in the same sense from the same axis, and that the spherical angle θ is inclination from the cylindrical z axis.

Integration and differentiation in spherical coordinates
The following equations assume that θ is inclination from the normal axis:
The line element for an infinitesimal displacement from

where

to

is

are the local orthogonal unit vectors in the directions of increasing

The surface element spanning from

to

and

to

, respectively.

on a spherical surface at (constant) radius

is
Thus the differential solid angle is

The surface element in a surface of polar angle

The surface element in a surface of azimuth

The volume element spanning from

to

constant (a cone with vertex the origin) is

constant (a vertical half-plane) is

,

to

, and

to

is

Therefore every point in R3 can be integrated by the triple integral

The del operator in this system is not defined, and so the gradient, divergence and curl must be defined explicitly:

Spherical coordinate system

Kinematics
In spherical coordinates the position of a point is written,

its velocity is then,

and its acceleration is,

In the case of a constant φ this reduces to vector calculus in polar coordinates.

Notes
[1] Eric W. Weisstein (2005-10-26). "Spherical Coordinates" (http:/ / mathworld. wolfram. com/ SphericalCoordinates. html). MathWorld. .
Retrieved 2010-01-15.
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Spherical trigonometry
Spherical trigonometry is a branch of spherical geometry which deals
with polygons (especially triangles) on the sphere and the relationships
between the sides and the angles. This is of great importance for
calculations in astronomy and earth-surface, orbital and space
navigation.

History
Spherical triangles were studied by early Greek mathematicians such
as Menelaus of Alexandria, who wrote a book on spherical triangles
[1]
called Sphaerica and developed Menelaus' theorem. E. S. Kennedy,
however, points out that while it was possible in ancient mathematics
to compute the magnitudes of a spherical figure, in principle, by use of
the table of chords and Menelaus' theorem, the application of the
theorem to spherical problems was very difficult in practice.[2]

Spherical triangle

Tycho Brahe remarks [3] that the nature of understanding spherical triangles is so divine and elevated that it is not
appropriate to extend its mysteries to everyone. (Diuinior et excellentior sit Triangulorum sphæricorum cognitio,
quam fas sit eius mysteria omnibus propalare.)

Islamic world
Further advances were made in the Islamic world. In order to observe holy days on the Islamic calendar in which
timings were determined by phases of the moon, the astronomers initially used Menalaus' method to calculate the
place of the moon and stars, though this method proved to be clumsy and difficult. It involved setting up two
intersecting right triangles; by applying Menelaus' theorem it was possible to solve one of the six sides, but only if
the other five sides were known. To tell the time from the sun's altitude, for instance, repeated applications of
Menelaus' theorem were required. For medieval Islamic astronomers, there was an obvious challenge to find a
simpler trigonometric method.[4]
In the early 9th century, Muhammad ibn Mūsā al-Khwārizmī, a Persian Mathematician, was an early pioneer in
spherical trigonometry and wrote a treatise on the subject.[5] In the 10th century, another Persian Mathematician Abū
al-Wafā' al-Būzjānī established the angle addition formulas, e.g., sin(a + b), and discovered the sine formula for
spherical trigonometry:[6]

Here, a, b, and c are the angles at the centre of the sphere subtended by the three sides of the triangle, and α, β, and γ
are the angles between the sides, where angle α is opposite the side which subtends angle a, etc.
Al-Jayyani (989-1079), an Arabic mathematician in Islamic Iberian Peninsula, wrote what some consider the first
treatise on spherical trigonometry, circa 1060, entitled The book of unknown arcs of a sphere,[7] in which spherical
trigonometry was brought into its modern form. Al-Jayyani's book "contains formulae for right-angle triangles, the
general law of sines and the solution of a spherical triangle by means of the polar triangle". This treatise later had a
"strong influence on European mathematics", and his "definition of ratios as numbers" and "method of solving a
spherical triangle when all sides are unknown" are likely to have influenced Regiomontanus.[7]
In the 13th century, Persian mathematician Nasīr al-Dīn al-Tūsī was the first to treat trigonometry as a mathematical
discipline independent from astronomy, and he further developed spherical trigonometry, bringing it to its present
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form.[8] He listed the six distinct cases of a right-angled triangle in spherical trigonometry. In his On the Sector
Figure, he also stated the law of sines for plane and spherical triangles, and discovered the law of tangents for
spherical triangles.[9]

Lines and angles on a sphere
On the surface of a sphere, the closest analogue to straight lines are great circles, i.e. circles whose centers coincide
with the center of the sphere. For example, simplifying the shape of the Earth (the geoid) to a sphere, the meridians
and the equator are great circles on its surface, while non-equatorial lines of latitude are small circles. As with a line
segment in a plane, an arc of a great circle (subtending less than 180°) on a sphere is the shortest path lying on the
sphere between its two endpoints. Great circles are special cases of the concept of a geodesic.
An area on the sphere bounded by arcs of great circles is called a spherical polygon. Note that, unlike the case on a
plane, spherical "biangles" (two-sided analogs to triangle) are possible (such as a slice cut out of an orange). Such a
polygon is also called a lune.
The sides of these polygons are specified not by their lengths, but by the angles at the sphere's center subtended to
the endpoints of the sides. Note that this arc angle, measured in radians, when multiplied by the sphere's radius
equals the arc length. (In the special case of polygons on the surface of a sphere of radius one, the arc length of any
side equals its subtended angle.)
Hence, a spherical triangle is specified as usual by its corner angles and its sides, but the sides are given not by their
length, but by their arc angle.
The sum of the vertex angles of spherical triangles is always larger than the sum of the angles of plane triangles,
which is exactly 180°. The amount E by which the sum of the angles exceeds 180° is called spherical excess:

where α, β and γ denote the angles in degrees. Girard's theorem, named after the 16th century French
mathematician Albert Girard (earlier discovered but not published by the English mathematician Thomas Harriot),
states that this surplus determines the surface area of any spherical triangle:

where R is the radius of the sphere. From this and the area formula for a sphere it follows that the sum of the angles
of a spherical triangle is

.

The analogous result holds for hyperbolic triangles, with "excess" replaced by "defect"; these are both special cases
of the Gauss-Bonnet theorem.
It follows from here that there are no non-trivial similar triangles (triangles with equal angles but different side
lengths and area) on a sphere. In the special case of a sphere of radius 1, the area simply equals the excess angle: A =
E. One can also use Girard's formula to obtain the discrete Gauss-Bonnet theorem.
To solve a geometric problem on the sphere, one dissects the relevant figure into right spherical triangles (i.e.: one
of the triangle's corner angles is 90°) because one can then use Napier's pentagon.

Spherical trigonometry

39

Napier's Pentagon
Napier's pentagon (also known as Napier's circle) is a
mnemonic aid that helps to find all relations between
the angles in a right spherical triangle.
Write the six angles of the triangle (three vertex angles,
three arc angles) in the form of a circle, sticking to the
order as they appear in the triangle (i.e.: start with a
corner angle, write the arc angle of an attached side
next to it, proceed with the next corner angle, etc. and
close the circle). Then cross out the 90° corner angle
and replace all angles non-adjacent to it by their
Napier's Circle shows the relations of parts of a right spherical
complement to 90° (i.e. replace, say, B by 90° − B).
triangle
The five numbers that you now have on your paper
form Napier's Pentagon (or Napier's Circle). For any
choice of three angles, one (the middle angle) will be either adjacent to or opposite the other two angles. Then
Napier's Rules hold that the sine of the middle angle is equal to:
• the product of the tangents of the adjacent angles
• the product of the cosines of the opposite angles
The mnemonic for remembering the trigonometric function to use is that the first vowel of the adjective describing
each angle (e.g., i for middle) is the first vowel of the name of the function. As an example, starting with the angle
, we can obtain the formula:

Using the identities for complementary angles, this becomes:

See also the Haversine formula, which relates the lengths of sides and angles in spherical triangles in a numerically
stable form for navigation.

Congruent triangles on a sphere
As with plane triangles, on a sphere two triangles sharing the same sequence of angle, side, angle (ASA) are
necessarily congruent (that is, they have three identical sides and three identical angles). This can be seen as follows:
One can situate one of the vertices with a given angle at the south pole and run the side with given length up the
prime meridian. Knowing both angles at either end of the segment of fixed length ensures that the other two sides
emanate with a uniquely determined trajectory, and thus will meet each other at a uniquely determined point; thus
ASA is valid.
On the other hand, a like sequence of side, side, side (SSS) does not ensure congruence: For example, with side
lengths of ,
and
one has a continuous family of non-congruent triangles.
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Identities
Spherical triangles satisfy a spherical law of cosines

Spherical triangle solved by the law of cosines.

The identity may be derived by considering the triangles formed by the tangent lines to the spherical triangle
subtending angle C and using the plane law of cosines. Moreover, it reduces to the plane law in the small area limit.
They also satisfy an analogue of the law of sines

And finally, they satisfy the half-side formula :

where

.
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Scientific American 254 (10): 74, , retrieved 2008-05-18
[5] O'Connor, John J.; Robertson, Edmund F., "Spherical trigonometry" (http:/ / www-history. mcs. st-andrews. ac. uk/ Biographies/
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• Isaac Todhunter: Spherical Trigonometry: For the Use of Colleges and Schools. Macmillan & Co. 1863 (
complete online version (Google Books) (http://books.google.de/books?id=8M02AAAAMAAJ))
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External links
• Wolfram's mathworld: Spherical Trigonometry (http://mathworld.wolfram.com/SphericalTrigonometry.html)
a more thorough list of identities, with some derivation
• Wolfram's mathworld: Spherical Triangle (http://mathworld.wolfram.com/SphericalTriangle.html) nice applet
• Intro to Spherical Trig. (http://www.rwgrayprojects.com/rbfnotes/trig/strig/strig.html) Includes discussion of
The Napier circle and Napier's rules
• Spherical Trigonometry — for the use of colleges and schools (http://historical.library.cornell.edu/cgi-bin/
cul.math/docviewer?did=00640001&seq=5&frames=0&view=50) by I. Todhunter, M.A., F.R.S. Historical
Math Monograph posted by Cornell University Library (http://historical.library.cornell.edu/math/index.
html).
• A Visual Proof of Girard's Theorem (http://demonstrations.wolfram.com/AVisualProofOfGirardsTheorem/)
by Okay Arik, the Wolfram Demonstrations Project.

Spherical law of cosines
In spherical trigonometry, the law of cosines (also called the cosine rule for sides[1] ) is a theorem relating the sides
and angles of spherical triangles, analogous to the ordinary law of cosines from plane trigonometry.
Given a unit sphere, a "spherical triangle" on the surface of the sphere
is defined by the great circles connecting three points u, v, and w on
the sphere (shown at right). If the lengths of these three sides are a
(from u to v), b (from u to w), and c (from v to w), and the angle of the
corner opposite c is C, then the (first) spherical law of cosines states:[2]
[1]

Spherical triangle solved by the law of cosines.

Since this is a unit sphere, the lengths a, b, and c are simply equal to the angles (in radians) subtended by those sides
from the center of the sphere (for a non-unit sphere, they are the distances divided by the radius). As a special case,
for
, then
and one obtains the spherical analogue of the Pythagorean theorem:
A variation on the law of cosines, the second spherical law of cosines,[3] (also called the cosine rule for angles[1] )
states:

where A and B are the angles of the corners opposite to sides a and b, respectively. It can be obtained from
consideration of a spherical triangle dual to the given one.
If the law of cosines is used to solve for c, the necessity of inverting the cosine magnifies rounding errors when c is
small. In this case, the alternative formulation of the law of haversines is preferable.[4]
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For small spherical triangles, i.e. for small a, b, and c, the spherical law of cosines is approximately the same as the
ordinary planar law of cosines,

The error in this approximation, which can be obtained from the Maclaurin series for the cosine and sine functions, is
of order

Proof
A proof of the law of cosines can be constructed as follows.[2] Let u, v, and w denote the unit vectors from the center
of the sphere to those corners of the triangle. Then, the lengths (angles) of the sides are given by the dot products:

To get the angle C, we need the tangent vectors ta and tb at u along the directions of sides a and b, respectively. For
example, the tangent vector ta is the unit vector perpendicular to u in the u-v plane, whose direction is given by the
component of v perpendicular to u. This means:

where for the denominator we have used the Pythagorean identity sin2(a) = 1 − cos2(a). Similarly,

Then, the angle C is given by:

from which the law of cosines immediately follows.

Proof without vectors
To the diagram above, add a plane tangent to the sphere at u, and extend radii from the center of the sphere O to
meet the plane at points y and z. We then have two plane triangles with a side in common: the triangle containing u,
y and z and the one containing O, y and z. Sides of the first triangle are tan a and tan b, with angle C between them;
sides of the second triangle are sec a and sec b, with angle c between them. By the law of cosines for plane triangles
(and remembering that
of any angle is
),

So

Multiply both sides by

and rearrange.
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Notes
[1] W. Gellert, S. Gottwald, M. Hellwich, H. Kästner, and H. Küstner, The VNR Concise Encyclopedia of Mathematics, 2nd ed., ch. 12 (Van
Nostrand Reinhold: New York, 1989).
[2] Romuald Ireneus 'Scibor-Marchocki, Spherical trigonometry (http:/ / www. webcitation. org/ query?url=http:/ / www. geocities. com/
ResearchTriangle/ 2363/ trig02. html& date=2009-10-25+ 09:44:36), Elementary-Geometry Trigonometry web page (1997).
[3] Reiman, István (1999). Geometria és határterületei. Szalay Könyvkiadó és Kereskedőház Kft.. p. 83.
[4] R. W. Sinnott, "Virtues of the Haversine", Sky and Telescope 68 (2), 159 (1984).

Circle of a sphere
A circle of a sphere is a circle defined as the intersection of a
sphere and a plane. If the plane contains the center of the sphere
then the circle is called a great circle, otherwise it is a small circle.
Circles of a sphere have radius less than or equal to the radius
sphere, with equality when the circle is a great circle.
In the geographic coordinate system on a globe, the parallels of
latitude are such circles, with the Equator the only great circle. By
contrast, all meridians of longitude, paired with their opposite
meridian in the other hemisphere, form great circles.
The diameter of the sphere when passes though the center of the
circle is called its axis and the endpoints of this diameter are called
its poles. A circle of a sphere can also be defined as the set of
points at a given angular distance from a given pole.

Small circle of a sphere.

Geometric proof
That the intersection of a sphere and a plane is, in fact, a circle can
be seen as follows. Let the S be a sphere with center O, P a plane
which intersects S. Draw OE perpendicular to P and meeting P at
E. , Let A and B be any two points in the intersection. Then AOE
and BOE are right triangles with a common side, OE, and
hypotenuses AO and BO, equal. Therefore the remaining sides AE
and BE are equal. This proves that all points in the intersection are
the same distance from the point E in the plane P, in other words
all points in the intersection lie on a circle with center E.[1] Note
that OE is the axis of the circle.
As a corollary, on a sphere there is exactly one circle that can be
drawn though three given points.[2]
The proof can be extended to show that the points on a circle are
all a common angular distance from one of its poles.[3]

References
[1] Proof follows Hobbs, Prop. 304
[2] Hobbs, Prop. 308
[3] Hobbs, Prop. 310

, where C is the
center of the sphere, A is the center of the small
circle, and B is a point in the boundary of the
small circle. Therefore, knowing the radius of the
sphere, and the distance from the plane of the
small circle to C, the radius of the small circle
can be determined using the Pythagorean
theorem.
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• Hobbs, C.A. (1921). Solid Geometry. G.H. Kent. pp. 397 ff..
• Sykes, M.; Comstock, C.E. (1922). Solid Geometry. Rand McNally. pp. 81 ff..

Great circle
A great circle, also known as a Riemannian circle, of a sphere is the
intersection of the sphere and a plane which passes through the center
point of the sphere, as opposed to a general circle of a sphere where the
plane is not required to pass through the center. (A small circle is the
intersection of the sphere and a plane which does not pass through the
center.) Any diameter of any great circle coincides with a diameter of
the sphere, and therefore all great circles have the same circumference
as each other, and have the same center as the sphere. A great circle is
the largest circle that can be drawn on any given sphere. Every circle in
Euclidean space is a great circle of exactly one sphere.
A great circle divides the sphere in two equal
For any two points on the surface of a sphere there is a great circle
hemispheres
through the two points. The minor arc of a great circle between two
points is the shortest surface-path between them. In this sense the
minor arc is analogous to “straight lines” in spherical geometry. The length of the minor arc of a great circle is taken
as the distance between two points on a surface of a sphere, namely the great-circle distance. The great circles are the
geodesics of the sphere.

In higher dimensions, the great circles on the n-sphere are the intersection of the n-sphere with two-planes that pass
through the origin in the Euclidean space Rn+1.

Earth geodesics
Strictly speaking the Earth is not a perfect sphere (it is an oblate
spheroid or ellipsoid – i.e., slightly compressed at the poles), which
means that the shortest distance between two points (a geodesic) is not
quite a great circle. The equatorial radius of the earth is about 6378.137
kilometers. The polar radius of the earth is about 6356.752 kilometers
(about 21.4 kilometers less). Nevertheless, the sphere model can be
considered a first approximation.
When long distance aviation or nautical routes are drawn on a flat map
(for instance, the Mercator projection), they often look curved. This is
An oblate spheroid
because they lie on great circles. A route that would appear as a
straight line on the map would actually be longer. An exception is the
gnomonic projection, in which all straight lines represent great circles.
On a spherical Earth, the meridians (or lines of longitude) are great circles, as is the equator. Lines of latitude are not
great circles, because they are smaller than the equator; their centers are not at the center of the Earth -- they are
small circles instead. Since Earth is not a perfect sphere, the equator (which is generally considered a spherical great
circle) is about 40,075 km, while a north-south meridian line (which is an ellipse) is almost 40,008 km. The
quadratic mean or root mean square of these extremes provides a decent approximation of the average great-circle
circumference, about 40041.5 km.[1]

Great circle

45

Some examples of great circles on the celestial sphere include the
celestial horizon, the celestial equator, and the ecliptic.
Great circle routes are used by ships and aircraft where currents and
winds are not a significant factor. Flight lengths can therefore often be
approximated to the great-circle distance between two airports. For
aircraft travelling west between continents in the northern hemisphere
these paths will extend northward near or into the Arctic region,
however easterly flights will often fly a more southerly track to take
advantage of the jet stream.

Great-circle route from China to Canada

For navigational convenience, Great Circle routes are often broken into a series of shorter rhumb lines which allow
the use of constant headings between waypoints along the Great Circle.

Derivation of shortest paths
To prove that the minor arc of great circle is the shortest path
connecting two points on the surface of a sphere, one has to apply
calculus of variations to it.
Consider the class of all regular paths from a point p to another point q.
Introduce spherical coordinates so that p coincides with the north pole.
Any curve on the sphere that does not intersect either pole, except
possibly at the endpoints, can be parametrized by

Airline routes between San Francisco and Tokyo
following the most direct great circle (top), but
following the jet stream (bottom) when heading
eastwards

provided we allow φ to take on arbitrary real values. The infinitesimal arc length in these coordinates is

So the length of a curve γ from p to q is a functional of the curve given by

Note that S[γ] does not exceed the length of the meridian from p to q:

Since the starting point and ending point are fixed, S is minimized if and only if φ' = 0, so the curve must lie on a
meridian of the sphere φ = φ0 = constant. In Cartesian coordinates, this is
which is a plane through the origin, i.e., the center of the sphere.

Great circle

References
[1] Elliptical great-circle radius average (http:/ / math. wikia. com/ index. php?title=Elliptical_great-circle_radius_average)

External links
• Great Circle – from MathWorld (http://mathworld.wolfram.com/GreatCircle.html) Great Circle description,
figures, and equations. Mathworld, Wolfram Research, Inc. c1999
• Great Circle Mapper (http://www.gcmap.com/) Interactive tool for plotting great circle routes.
• Blue Marble Mapper (http://v-flyer.com/the-toolbox/blue-marble-mapper) Draws Great Circle routes between
airports using the NASA Blue Marble as the base map.
• Air Route Calculator and Maps (http://www.aircalculator.com) See Great Circle routes between most airports
using Google Maps. See closest and furthest airports from origin and destination.
• Great Circle Calculator (http://williams.best.vwh.net/gccalc.htm) deriving (initial) course and distance
between two points.
• Great Circle Distance (http://www.acscdg.com/) Graphical tool for drawing great circles over maps. Also
shows distance and azimuth in a table.
• Great Circles on Mercator's Chart (http://demonstrations.wolfram.com/GreatCirclesOnMercatorsChart/) by
John Snyder with additional contributions by Jeff Bryant, Pratik Desai, and Carl Woll, Wolfram Demonstrations
Project.
• 3D First Problem (Italian)[[Category:Articles with Italian language external links (http://www.spigolo.
altervista.org/ortho/OrthoFirstProblem.html)]] 3D javascript interactive tool (Google Chrome, Firefox, Safari
(web browser)).
• 3D Second Problem (Italian)[[Category:Articles with Italian language external links (http://www.spigolo.
altervista.org/ortho/OrthoSecondProblem.html)]] 3D javascript interactive tool (Google Chrome, Firefox,
Safari (web browser)).
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Great-circle distance
The great-circle distance or orthodromic distance is the shortest
distance between any two points on the surface of a sphere measured
along a path on the surface of the sphere (as opposed to going through
the sphere's interior). Because spherical geometry is rather different
from ordinary Euclidean geometry, the equations for distance taken on
a different form. The distance between two points in Euclidean space is
Great-circle route from China to Canada
the length of a straight line from one point to the other. On the sphere,
however, there are no straight lines. In non-Euclidean geometry,
straight lines are replaced with geodesics. Geodesics on the sphere are the great circles (circles on the sphere whose
centers are coincident with the center of the sphere).
Between any two different points on a sphere which are not directly opposite each other, there is a unique great
circle. The two points separate the great circle into two arcs. The length of the shorter arc is the great-circle distance
between the points. A great circle endowed with such a distance is the Riemannian circle.
Between two points which are directly opposite each other, called antipodal points, there are infinitely many great
circles, but all great circle arcs between antipodal points have the same length, i.e. half the circumference of the
circle, or
, where r is the radius of the sphere.
Because the Earth is nearly spherical (see Earth radius) equations for great-circle distance can be used to roughly
calculate the shortest distance between points on the surface of the Earth (as the crow flies), and so have applications
in navigation.

Formulas
Let

be the geographical latitude and longitude of two points (a base "standpoint" and the

destination "forepoint"), respectively, and

their differences; then

, the central angle between them, is

given by the spherical law of cosines:

The distance d, i.e. the arc length, for a sphere of radius r and

given in radians, is then:

This arccosine formula above can have large rounding errors if the distance is small (if the two points are a kilometer
apart the cosine of the central angle comes out 0.99999999). An equation known as the haversine formula is
numerically better-conditioned for small distances:[1]

Historically, the use of this formula was simplified by the availability of tables for the haversine function:
hav(θ) = sin2 (θ/2).
Although this formula is accurate for most distances on a sphere, it too suffers from rounding errors for the special
(and somewhat unusual) case of antipodal points (on opposite ends of the sphere). A more complicated formula that
is accurate for all distances is the following special case (a sphere, which is an ellipsoid with equal major and minor
axes) of the Vincenty formula (which more generally is a method to compute distances on ellipsoids):[2]
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When programming a computer, one should use the atan2() function rather than the ordinary arctangent function
(atan()), in order to simplify handling of the case where the denominator is zero, and to compute
unambiguously in all quadrants.
If r is the great-circle radius of the sphere, then the great-circle distance is

.

Vector version
Another representation of similar formulas, but using n-vector instead of latitude/longitude to describe the positions,
is found by means of 3D vector algebra, i.e. utilizing the dot product, cross product, or a combination:[3]

where

and

are the n-vectors representing the two positions s and f. Similarly to the equations above based

on latitude and longitude, the expression based on arctan is the only one that is well-conditioned for all angles. If the
two positions are originally given as latitudes and longitudes, a conversion to n-vectors must first be performed.

From chord length
A line through three-dimensional space between points of interest on a spherical Earth is the chord of the great circle
between the points. The central angle between the two points can be determined from the chord length. The great
circle distance is proportional to the central angle.
The great circle chord length may be calculated as follows for the corresponding unit sphere, by means of Cartesian
subtraction[4] :

The central angle is:

The great circle distance is:
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Spherical cosine for sides derivation
By using Cartesian products rather than differences, the origin of the spherical cosine for sides becomes apparent:

Radius for spherical Earth
The shape of the Earth closely resembles a flattened sphere (a spheroid) with equatorial radius
of 6,378.137 km;
distance
from the center of the spheroid to each pole is 6356.752 km. When calculating the length of a short
north-south line at the equator, the sphere that best approximates that part of the spheroid has a radius of
6,335.439 km, while the spheroid at the poles is best approximated by a sphere of radius

, or

, or 6,399.594 km, a

1% difference. So as long as we're assuming a spherical Earth, any single formula for distance on the Earth is only
guaranteed correct within 0.5% (though we can do better if our formula is only intended to apply to a limited area).
The average radius for a spherical approximation of the figure of the Earth with respect to surface is approximately
6371.01 km, while the quadratic mean or root mean square approximation of the average great-circle circumference
derives a radius of about 6372.8 km.[5]

Worked example
For an example of the formula in practice, take the latitude and longitude of two airports:
• Nashville International Airport (BNA) in Nashville, TN, USA: N 36°7.2', W 86°40.2'
• Los Angeles International Airport (LAX) in Los Angeles, CA, USA: N 33°56.4', W 118°24.0'
First convert the co-ordinates to decimal degrees
• BNA:
• LAX:
Plug these values into the spherical law of cosines:
comes out to be 25.958 degrees, or 0.45306 radians, and the great-circle distance is the assumed radius times
that angle:

So assuming a spherical earth, distance between LAX and BNA is about 2887 km or 1794 statute miles (× 0.621371)
or 1559 nautical miles (× 0.539957). Geodesic distance between the given coordinates on the GRS 80/WGS 84
spheroid is 2892.777 km.
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External links
• GreatCircle (http://mathworld.wolfram.com/GreatCircle.html) at MathWorld
• Global Distance Calculator (http://www.infoplease.com/atlas/calculate-distance.html) at Infoplease
(Warning: website uses pop-under ads).
• Haversine formula in JavaScript (http://www.movable-type.co.uk/scripts/LatLong.html) Haversine and other
formulae for calculating distances, bearings, etc.
• Distance Between Two Cities (http://www.distance-calculator.co.uk/) Site uses Haversine Formulae and
integrates Road distances too
• Distance Between Two Cities Places On Map. (http://www.distancefromto.net/)
• Distance Between Cities Calculator (http://www.distancebetweencities.us/)
• 3D First and Second Problem (Italian)[[Category:Articles with Italian language external links (http://www.
spigolo.altervista.org/ortho/)]] 3D javascript interactive tool (Google Chrome, Firefox).

Horizontal coordinate system
The horizontal coordinate system is a celestial coordinate system that
uses the observer's local horizon as the fundamental plane. This
coordinate system divides the sky into the upper hemisphere where
objects are visible, and the lower hemisphere where objects cannot be
seen since the earth is in the way. The pole of the upper hemisphere is
called the zenith. The pole of the lower hemisphere is called the nadir.
[1]

The horizontal coordinates are:
• Altitude (Alt), sometimes referred to as elevation, is the angle
between the object and the observer's local horizon. It is expressed
as an angle between 0 degrees to 90 degrees.

HORIZONTAL COORDINATES. Azimuth,
from the North point (red) -also from the South
point toward the West (blue). Altitude, green.

• Azimuth (Az), that is the angle of the object around the horizon, usually measured from the north increasing
towards the east.
• Zenith distance, the distance from directly overhead (i.e. the zenith) is sometimes used instead of altitude in
some calculations using these coordinates. The zenith distance is the complement of altitude (i.e. 90°-altitude).
The horizontal coordinate system is sometimes also called the az/el[2] or Alt/Az coordinate system.

Horizontal coordinate system

General observations
The horizontal coordinate system is fixed to the Earth, not the stars. Therefore, the altitude and azimuth of an object
changes with time, as the object appears to drift across the sky. In addition, because the horizontal system is defined
by the observer's local horizon, the same object viewed from different locations on Earth at the same time will have
different values of altitude and azimuth.
Horizontal coordinates are very useful for determining the rise and set times of an object in the sky. When an object's
altitude is 0°, it is on the horizon. If at that moment its altitude is increasing, it is rising, but if its altitude is
decreasing it is setting. However, all objects on the celestial sphere are subject to diurnal motion, which is always
from east to west. One can determine whether altitude is increasing or decreasing by instead considering the azimuth
of the celestial object:
• if the azimuth is between 0° and 180° (north–east–south), it is rising.
• if the azimuth is between 180° and 360° (south–west–north), it is setting.
There are the following special cases:
• At the north pole all directions are south, and at the south pole all directions are north, so the azimuth is undefined
in both locations. A star (or any object with fixed equatorial coordinates) has constant altitude, and therefore
never rises or sets when viewed from either pole. The Sun, Moon, and planets can rise or set over the span of a
year when viewed from the poles because their right ascensions and declinations are constantly changing.
• At the equator objects on the celestial poles stay at fixed points on the horizon.
Note that the above considerations are strictly speaking true for the geometric horizon only: the horizon as it would
appear for an observer at sea level on a perfectly smooth Earth without an atmosphere. In practice the apparent
horizon has a negative altitude, whose absolute value gets larger as the observer ascends higher above sea level, due
to the curvature of the Earth. In addition, atmospheric refraction causes celestial objects very close to the horizon to
appear about half a degree higher than they would if there were no atmosphere.

Transformation of coordinates
It is possible to convert from the equatorial coordinate system to the horizontal coordinate system and back. Define
variables as follows:
•
•
•
•
•

φ = geographic latitude
A = azimuth
a = altitude
δ = declination
H = hour angle

equatorial to horizontal
The following procedure allows conversion of equatorial coordinates to horizontal coordinates.[3]

One may be tempted to simplify the last two equations by dividing out the cos a term, leaving one expression in
tan A only. But the tangent cannot distinguish between (for example) an azimuth of 45° and 225°. These two values
are very different: they are opposite directions, NE and SW respectively. One can do this only when the quadrant in
which the azimuth lies is already known.
If the calculation is done with an electronic pocket calculator, it is best not to use the functions arcsin and arccos
when possible, because of their limited 180° only range, and also because of the low accuracy the former gets around
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±90° and the latter around 0° and 180°. Most scientific calculators have a rectangular to polar (R→P) and polar to
rectangular (P→R) function, which avoids that problem and gives us an extra sanity check as well.
The algorithm then becomes as follows.
•
•
•
•

Calculate the right hand side of the three equations given above.
Apply a R→P conversion taking X = cos A cos a, and Y = sin A cos a.
The angle part of the answer is the azimuth.
Apply a second R→P conversion taking the radius part of the last answer as the X and the sin a of the first
equation as the Y value.
• The angle part of the answer is the altitude, an angle between −90° and +90°.
• The radius part of the answer must be 1 exactly, or you have made an error.

horizontal to equatorial

The same quadrant considerations from the first set of formulas also hold for this set.

The position of the Sun
There are several ways to compute the apparent position of the Sun in horizontal coordinates.
Complete and accurate algorithms to obtain precise values can be found in Jean Meeus's book Astronomical
Algorithms.
Instead a simple approximate algorithm is the following:
Given:
• the date of the year and the time of the day
• the observer's latitude, longitude and time zone
You have to compute:
• The Sun declination of the corresponding day of the year, which is given by the following formula which has less
than 2 degrees of error:

where

is the number of days spent since January 1.

• The true hour angle that is the angle which the earth should rotate to take the observer's location directly under the
sun.
• Let hh:mm be the time the observer reads on the clock.
• Merge the hours and the minutes in one variable = hh + mm/60 measured in hours.
• hh:mm is the official time of the time zone, but it is different from the true local time of the observer's location.
has to be corrected adding the quantity + (Longitude/15 – Time Zone), which is measured in hours and
represents the difference of time between the true local time of the observer's location and the official time of
the time zone.
• If it is summer and Daylight Saving Time is used, you have to subtract one hour in order to get Standard Time.
• The value of the Equation of Time in that day has to be added. Since

is measured in hours, the Equation of

Time must be divided by 60 before being added.
• The hour angle can be now computed. In fact the angle which the earth should rotate to take the observer's
location directly under the sun is given by the following expression:
= (12 – ) * 15. Since is
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measured in hours and the speed of rotation of the earth 15 degrees per hour,
need

is measured in degrees. If you

measured in radians you just have to multiply by the factor 2π/360.

• Use the Transformation of Coordinates to compute the apparent position of the Sun in horizontal coordinates.
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Earth's energy budget
The Earth can be considered as a physical system with
an energy budget that includes all gains of incoming
energy and all losses of outgoing energy. The planet is
approximately in equilibrium, so the sum of the gains is
approximately equal to the sum of the losses.
Note on accompanying images: These graphics depict
only net energy transfer. There is no attempt to depict
the role of greenhouse gases and the exchange that
occurs between the Earth's surface and the atmosphere
or any other exchanges.

The energy budget

This image is from a NASA site explaining the effects of clouds on
the Earth's Energy Budget

Incoming energy
The total solar flux of energy entering the Earth's
atmosphere is estimated at 174 petawatts. This flux
consists of:
• solar radiation (99.97%, or nearly 173 petawatts; or
about 340 W m−2)
• This is equal to the product of the solar constant,
about 1,366 watts per square metre, and the area
of the Earth's disc as seen from the Sun, about
1.28 × 1014 square metres, averaged over the
Earth's surface, which is four times larger. (That
is, the area of a disc with the Earth's diameter,
Solar energy as it is dispersed on the planet and radiated back to
[1]
which is effectively the target for solar energy, is
space. Values are in PW =1015 watt.
1/4 the area of the entire surface of the Earth.)
The solar flux averaged over just the sunlit half of the Earth's surface is about 680 W m−2
• This is the incident energy. The energy actually absorbed by the earth is lower by a factor of the co-albedo; this
is discussed in the next section.
• Note that the solar constant varies (by approximately 0.1% over a solar cycle); and is not known absolutely to
within better than about one watt per square metre. Hence geothermal, tidal, and waste heat contributions are

Earth's energy budget
less uncertain than solar power.
• geothermal energy (0.025%; or about 44[2] to 47[3] terawatts; or about 0.08 W m−2)
• This is produced by stored heat and heat produced by radioactive decay leaking out of the Earth's interior.
• tidal energy (0.002%, or about 3 terawatts; or about 0.0059 W m−2)
• This is produced by the interaction of the Earth's mass with the gravitational fields of other bodies such as the
Moon and Sun.
• waste heat from fossil fuel consumption (about 0.007%, or about 13 terawatts; or about 0.025 W m−2)[4] The total
energy used by commercial energy sources from 1880 to 2000 (including fossil fuels and nuclear) is calculated to
be 17.3x1021Joules.[5]
There are other minor sources' of energy that are usually ignored in these calculations: accretion of interplanetary
dust and solar wind, light from distant stars, the thermal radiation of space. Although these are now known to be
negligibly small, this was not always obvious: Joseph Fourier initially thought radiation from deep space was
significant when he discussed the Earth's energy budget in a paper often cited as the first on the greenhouse effect.[6]

Outgoing energy
The average albedo (reflectivity) of the Earth is about 0.3, which means that 30% of the incident solar energy is
reflected into space, while 70% is absorbed by the Earth and reradiated as infrared. The planet's albedo varies from
month to month and place to place, but 0.3 is the average figure. The contributions from geothermal and tidal power
sources are so small that they are omitted from the following calculations.
30% of the incident energy is reflected, consisting of:
• 6% reflected from the atmosphere
• 20% reflected from clouds
• 4% reflected from the ground (including land, water and ice)
The remaining 70% of the incident energy is
absorbed:
• 51% is absorbed by land and water, and
then emerges in the following ways:
• 23% is transferred back into the
atmosphere as latent heat by the
evaporation of water, called latent
heat flux
• 7% is transferred back into the
atmosphere by heated rising air, called
Sensible heat flux
• 6% is radiated directly into space
• 15% is transferred into the atmosphere
by radiation, then reradiated into
Earth's longwave thermal radiation intensity, from clouds, atmosphere and ground
space
• 19% is absorbed by the atmosphere and clouds, including:
• 16% reradiated into space
• 3% transferred to clouds, from where it is radiated back into space
When the Earth is at thermal equilibrium, the same 70% that is absorbed is reradiated:
• 64% by the clouds and atmosphere
• 6% by the ground
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Declination
In astronomy, declination (abbrev. dec or δ) is one of the two
coordinates of the equatorial coordinate system, the other being
either right ascension or hour angle. Declination in astronomy is
comparable to geographic latitude, but projected onto the celestial
sphere. Declination is measured in degrees north and south of the
celestial equator. Points north of the celestial equator have positive
declinations, while those to the south have negative declinations.
• An object on the celestial equator has a declination of 0°.
• An object at the celestial north pole has a declination of +90°.
• An object at the celestial south pole has a declination of −90°.
The sign is customarily included even if it is positive. Any unit of
angle can be used for declination, but it is often expressed in
degrees, minutes, and seconds of arc.
As seen from locations in the Earth's Northern Hemisphere,
celestial objects with declinations greater than 90° − φ (φ = observer's latitude) are always above the horizon. This
similarly occurs in the Southern Hemisphere for objects with declinations less than, i.e. more negative than,
-90° − φ. Such stars appear to circle daily around the celestial pole without dipping below the horizon, and are
therefore called circumpolar stars. An extreme example is the pole star which has a declination near to +90°, so it is
circumpolar as seen from anywhere in the Northern Hemisphere except very close to the equator. The Sun's
declination varies with the seasons (see below). As seen from arctic or antarctic latitudes, the Sun is circumpolar
near the local summer solstice, leading to the phenomenon of it being above the horizon at midnight, which is called
midnight sun.
When an object is directly overhead its declination is almost always within 0.01 degree of the observer's latitude; it
would be exactly equal except for two complications. The first complication applies to all celestial objects: the
object's declination equals the observer's astronomic latitude, but the term "latitude" ordinarily means geodetic
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latitude, which is the latitude on maps and GPS devices. The difference (the vertical deflection) usually doesn't
exceed a few thousandths of a degree. For practical purposes the second complication only applies to solar system
objects: "declination" is ordinarily measured at the center of the earth, which isn't quite spherical, so a line from the
center of the earth to the object is not quite perpendicular to the Earth's surface. It turns out that when the moon is
directly overhead its geocentric declination can differ from the observer's astronomic latitude by up to 0.005 degree.
The importance of this complication is inversely proportional to the object's distance from the earth, so for most
purposes it's not a concern for the sun and planets.

Stars
A star lies in a nearly constant direction as viewed from Earth, with its declination roughly constant from year to
year, but right ascension and declination do both change gradually due to precession of the equinoxes, proper
motion, and annual parallax.
The declinations of all solar system objects change much more quickly than those of stars.

Declination of the Sun as seen from Earth
The declination of the Sun, δ☉, is the angle between the rays of the Sun and the plane of the Earth's equator. The
Earth's axial tilt (called the obliquity of the ecliptic by astronomers) is the angle between the Earth's axis and a line
perpendicular to the Earth's orbit. The Earth's axial tilt changes gradually over thousands of years, but its current
value is about ε = 23°26'. Because this axial tilt is nearly constant, solar declination (δ☉) varies with the seasons and
its period is one year.
At the solstices, the angle between the rays of the Sun and the plane of the Earth's equator reaches its maximum
value of 23°26'. Therefore δ☉ = +23°26' at the northern summer solstice and δ☉ = −23°26' at the southern summer
solstice.
At the moment of each equinox, the center of the Sun appears to pass through the celestial equator, and δ☉ is 0°.
The Sun's declination at any given moment is calculated by:
Where EL is the ecliptic longitude. (On some calculator keyboards, and elsewhere, arcsin is written as sin−1.) Since
the Earth's orbital eccentricity is small, its orbit can be approximated as a circle which causes up to 1 degree of error.
The circle approximation means the EL would be 90 degrees ahead of the solstices in Earth's orbit (at the equinoxes),
so that sin(EL) can be written as sin(90+NDS)=cos(NDS) where NDS is the number of days after the December
solstice. By also using the approximation that arcsin[sin(d)*cos(NDS)] is close to d*cos(NDS), the following
frequently used formula is obtained:

where N is the day of the year beginning with N=0 at midnight Coordinated Universal Time as January 1st begins
(i.e. the days part of the ordinal date -1). The number 10, in (N+10), is the approximate number of days after the
December solstice to January 1st. This equation overestimates the declination near the September equinox by up to
+1.5 degrees. The sine function approximation by itself leads to an error of up to 0.26 degrees and has been
discouraged for use in solar energy applications. The 1971 Spencer formula[1] (based on a fourier series) is also
discouraged for having an error of up to 0.28 degrees.[2] An additional error of up to 0.5 degrees can occur in all
equations around the equinoxes if not using a decimal place when selecting N to adjust for the time after Coordinated
Universal Time midnight for the beginning of that day. So the above equation can have up to 2.0 degrees of error,
about 4 times the Sun's angular width, depending on how it's used.
The declination can be more accurately calculated by not making the two approximations, using the parameters of
the Earth's orbit to more accurately estimate EL:[3]
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which can be simplified by evaluating constants to:

N is the number of days since midnight Coordinated Universal Time as January 1st begins (i.e. the days part of the
ordinal date -1) and can include decimals to adjust for local times later or earlier in the day. The number 2, in (N-2),
is the approximate number of days after January 1 to the Earth's perihelion. The number 0.0167 is the current value
of the eccentricity of the Earth's orbit. The eccentricity varies very slowly over time, but for dates fairly close to the
present, it can be considered to be constant. The largest errors in this equation are less than +/- 0.2 degrees, but are
less than +/- 0.03 degrees for a given year if the number 10 is adjusted up or down in fractional days as determined
by how far the previous year's December solstice occurred before or after noon on December 22nd. These accuracies
are compared to NOAA's advanced calculations[4] [5] which are based on the 1999 Jean Meeus algorithm that is
accurate to within 0.01 degree.[6]
(The above formula is related to a reasonably simple and accurate calculation of the Equation of Time, which is
described here.)
More complicated algorithms[7] [8] correct for changes to the ecliptic longitude by using terms in addition to the
1st-order eccentricity correction above. They also correct the 23.44-degree obliquity which changes very slightly
with time. Corrections may also include the effects of the moon in offsetting the Earth's position from the center of
the pair's orbit around the Sun. After obtaining the declination relative to the center of the Earth, a further correction
for parallax is applied, which depends on the observer's distance away from the center of the Earth. This correction is
less than 0.0025 degrees. The error in calculating the position of the center of the Sun can be less than 0.00015
degrees. For comparison, the Sun's width is about 0.5 degrees. The declination calculations do not include the effects
of the refraction of light in the atmosphere, which causes the apparent angle of elevation of the Sun as seen by an
observer to be higher than the actual angle of elevation, especially at low Sun elevations. For example, when the Sun
is at an elevation of 10 degrees, it appears to be at 10.1 degrees. The Sun's declination can be used, along with its
right ascension, to calculate its azimuth and also its true elevation, which can then be corrected for refraction to give
its apparent position.[9] [10]

The Sun's path over the celestial sphere changes
with its declination during the year. Azimuths
where the Sun rises and sets at the summer and
winter solstices, for an observer at 56°N latitude,
are marked in °N on the horizontal axis.
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External links
• NOAA's very accurate declination and sun position calculator (code can be viewed in the Javascript) (http://
www.srrb.noaa.gov/highlights/sunrise/azel.html)
• Table of the Declination of the Sun: Mean Value for the Four Years of a Leap-Year Cycle (source unknown)
(http://www.wsanford.com/~wsanford/exo/sundials/DEC_Sun.html)
• Declination function for Excel, CAD or your other programs. (http://www.sunlit-design.com/products/
thesunapi/documentation/sdxDecl.php) The Sun API is free and extremely accurate. For Windows computers.
• How to compute planetary positions (http://www.stjarnhimlen.se/comp/ppcomp.html) by Paul Schlyter.

Solar elevation angle
The solar elevation angle is the elevation angle of the sun. That is, the angle between the direction of the geometric
center of the sun's apparent disk and the (idealized) horizon. It can be calculated, to a good approximation,[1] using
the following formula:

where
•
•
•
•

is the solar elevation angle
is the hour angle, in the local solar time.
is the current Sun declination
is the local latitude[2]

Note
[1] The formula neglects the effect of atmospheric refraction.
[2] The formula is based on geocentric latitude, which differs from geographic latitude by less than 12 minutes of arc.
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Solar azimuth angle
The solar azimuth angle is the azimuth angle of the sun. It is most often defined as the angle from due north in a
clockwise direction.
It can be calculated in various way. In different times, it has been explained in different ways. It can be calculated, to
a good approximation, using the following formula, however angles should be interpreted with care due to the
inverse sine, i.e. x = sin−1(y) has more than one solution, only one of which will be correct.

The following two formulas can also be used to approximate the solar azimuth angle, however because these
formulas utilize cosine, the azimuth angle will always be positive, and therefore, should be interpreted as the angle
less than 180 degrees when the hour angle, h, is negative (morning) and the angle greater than 180 degrees when the
hour angle, h, is positive (afternoon).

The previous formulas use the following terminology:
•
•
•
•
•

is the solar azimuth angle
is the solar elevation angle
is the hour angle of the present time
is the current sun declination
is the local latitude[1]

Solar elevation angle
Sun height, height angle, solar altitude angle or elevation (gS) is the angle between a line that points from the site
towards the centre of the sun, and the horizon. The zenith angle is the opposite angle to the sun height (90° – gS). At
a sun height of 90°, the sun is at the zenith and the zenith angle is therefore zero.[2]

References
[1] The formula is based on geocentric latitude, which differs from geographic latitude by less than 12 minutes of arc.
[2] http:/ / www. volker-quaschning. de/ articles/ fundamentals1/ index_e. html

External links
• Solar Position Calculators by National Renewable Energy Laboratory (NREL) (http://www.nrel.gov/midc/
solpos/)
• An Excel workbook (http://www.ecy.wa.gov/programs/eap/models/twilight.zip) with VBA functions for
solar azimuth, solar elevation, dawn, sunrise, solar noon, sunset, and dusk, by Greg Pelletier (http://www.ecy.
wa.gov/programs/eap/models.html), translated from NOAA's online calculators for solar position (http://
www.srrb.noaa.gov/highlights/sunrise/azel.html) and sunrise/sunset (http://www.srrb.noaa.gov/highlights/
sunrise/sunrise.html)
• An Excel workbook (http://www.ecy.wa.gov/programs/eap/models/solrad.zip) with a solar position and
solar radiation time-series calculator, by Greg Pelletier (http://www.ecy.wa.gov/programs/eap/models.html)
• Free on-line tool to estimate the position of the sun with three different algorithms (http://www.
volker-quaschning.de/datserv/sunpos/index_e.html).

59

Sun path

60

Sun path
Sun path refers to the apparent significant
seasonal-and-hourly positional changes of
the sun (and length of daylight) as the Earth
rotates, and orbits around the sun. The
relative position of the sun is a major factor
in the heat gain of buildings and in the
performance of solar energy systems.[1]
Accurate location-specific knowledge of sun
path and climatic conditions is essential for
economic decisions about solar collector
area, orientation, landscaping, summer
shading, and the cost-effective use of solar
trackers.[2]
Solar altitude over a year; latitude on northern hemisphere

Collecting Solar Energy
To gather solar energy effectively, a solar
collector (glass, solar panel, etc.) should be
within about twenty degrees either side of
perpendicular to the sun. Also, shades need
to be placed, so that the building does not
warm up too much in summer and then thus
requires cooling. The farther from
perpendicular, the lower the solar gain.
More than thirty-five degrees from
perpendicular results in a significant portion
of sunlight being reflected off the solar
collector surface.
An effective solar energy system (passive
solar, active solar, building, equipment,
etc.), takes into account the significant
Sun Path polar chart; latitude based on Rotterdam or any other equivalent
seasonal 47-degree solar elevation angle
difference above the horizon, and the sunrise/sunset solar azimuth angle from summer to winter.
Precise knowledge of the path of the sun is essential to accurately model, and mathematically predict, annualized
solar system performance - To explain, for example, why vertical equator-facing glass is cost-effective, the benefit of
solar energy reflectivity off winter snow when the sun is low, and why roof-angled glass (in greenhouses, skylights
and conservatories) can be a solar furnace during the summer, (when the sun is nearly perpendicular to the glass),
and then lose more energy in the winter than it collects, (when the sun is 47-degrees lower on the horizon, and warm
interior air rises and transfers heat out of the building on cold winter nights).[3]

Sun path

Tilt of the Earth
Earth's rotation tilts about 23.5 degrees on its pole-to-pole axis, relative to the plane of Earth's solar system orbit
around our sun. As the Earth orbits the sun, this creates the 47-degree peak solar altitude angle difference, and the
hemisphere-specific difference between summer and winter.
In the northern hemisphere, the winter sun rises in the southeast, peaks out at a low angle above the southern
horizon, and then sets in the southwest. It is on the south (equator) side of the house all day long. Vertical
south-facing (equator side) glass is excellent for capturing solar thermal energy.
In the northern hemisphere in summer (June, July, August), the sun rises in the northeast, peaks out nearly straight
overhead (depending on latitude), and then sets in the northwest. A simple latitude-dependent equator-side overhang
can easily be designed to block 100% of the direct solar gain from entering vertical equator-facing windows on the
hottest days of the year. Roll-down exterior shade screens, interior translucent-or-opaque Window Quilts, drapes,
shutters, movable trellises, etc. can be used for hourly, daily or seasonal sun and heat transfer control (without any
active electrical air conditioning).
The latitude (and hemisphere)-specific solar path differences are critical to effective passive solar building design.
They are essential data for optimal window and overhang seasonal design. Solar designers must know the precise
solar path angles for each location they design for, and how they compare to place-based seasonal heating and
cooling requirements.
In the U.S., the precise location-specific altitude-and-azimuth seasonal solar path numbers are available from NOAA
- The "equator side" of a building is south in the northern hemisphere, and north in the Southern hemisphere, where
the peak summer solstice solar altitude occurs on December 21. The sun rises roughly in the east and sets in the west
everywhere on Earth, except in high latitudes in summer- and winter-time.
On the Equator, the sun will be straight overhead and a vertical stick will cast no shadow at noon (solar time) on
March 21 and September 23, the equinox. 23.5 degrees north of the equator on the Tropic of Cancer, a vertical stick
will cast no shadow on June 21, the summer solstice for the northern hemisphere. The rest of the year, the noon
shadow will point to the North pole. 23.5 degrees south of the equator on the Tropic of Capricorn, a vertical stick
will cast no shadow on December 21, the summer solstice for the southern hemisphere, and the rest of the year its
noon shadow will point to the South pole. North of the Tropic of Cancer, the noon shadow will always point north,
and conversely, south of the Tropic of Capricorn, the noon shadow will always point south. North of the Arctic
circle, and south of the Antarctic circle there will be at least one day a year when the sun is not above the horizon for
24 hours, and at least one day (six months later) when the sun is above the horizon for 24 hours.
In the moderate latitudes (between the circles and tropics, where most humans live), the length of the day, solar
altitude and azimuth vary from one day to the next, and from season to season. The difference between the length of
a long summer day, versus a short winter day increases as you move farther away from the equator.[2]

Solar path building design simulation
Before the days of modern, inexpensive, 3D computer graphics, a heliodon (precisely-movable light source) was
used to show the angle of the sun on a physical model of a proposed building. Today, mathematical computer models
calculate location-specific solar gain (shading) and seasonal thermal performance, with the ability to rotate and
animate a 3D color graphic model of a proposed building design.
Passive solar building design heating and cooling issues can be counterintuitive (like roof-angled glass). Precise
performance calculations and simulations are essential to help avoid reinventing the wheel and duplicating
previously-made expensive experimental construction errors (like a summer solar furnace).
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External links
• U.S. Naval Observatory Sun or Moon Altitude/Azimuth Table (http://www.usno.navy.mil/USNO/
astronomical-applications/data-services/alt-az-us)
• Sun path by location and date (http://sunposition.info/sunposition/spc/locations.php)
• Sun positions, diagram and paths around the world by location and date (http://www.date-and-time.net)
• Seasonal and Hourly Sun Path Design Issue Tutorial (http://www.passivesolarenergy.info/#c111)
• "Three Decades of Passive Solar Heating and Cooling Lessons Learned" (http://www.ornl.gov/sci/buildings/
Workshops_07.html#14)

Sun chart
A Sun chart is a graph of the ecliptic of the Sun through the sky
throughout the year at a particular latitude.
Most sun charts plot azimuth versus altitude throughout the days of the
winter solstice and summer solstice, as well as a number of intervening
days. Since the movement of the Sun is symmetrical about the solstice,
it is only necessary to plot dates for one half of the year.

Sun chart for Berlin

The graph may show the entire horizon or only that half of the horizon
closest to the equator. Sky view obstructions can be superimposed upon a Sun chart to obtain the insolation of a
location.

External links
• A free Sun chart calculator [1]
• A Sun chart generator [2]
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Irradiance
Irradiance is the power of electromagnetic radiation per unit area (radiative flux) incident on a surface. Radiant
emittance or radiant exitance is the power per unit area radiated by a surface. The SI units for all of these quantities
are watts per square meter (W/m2), while the cgs units are ergs per square centimeter per second (erg·cm−2·s−1, often
used in astronomy). These quantities are sometimes called intensity, but this usage leads to confusion with radiant
intensity, which has different units.
All of these quantities characterize the total amount of radiation present, at all frequencies. It is also common to
consider each frequency in the spectrum separately. When this is done for radiation incident on a surface, it is called
spectral irradiance, and has SI units W/m3, or commonly W·m−2·nm−1.
If a point source radiates light uniformly in all directions through a non-absorptive medium, then the irradiance
decreases in proportion to the square of the distance from the object.

Technical details
The irradiance of a monochromatic light wave in matter is given in terms of its electric field by [1]
,
where E is the complex amplitude of the wave's electric field, n is the refractive index of the medium, is the speed
of light in vacuum, and ϵ0 is the vacuum permittivity. (This formula assumes that the magnetic susceptibility is
negligible, i.e.
where
is the magnetic permeability of the light transmitting media. This assumption is
typically valid in transparent media in the optical frequency range.)
Irradiance is also the time average of the component of the Poynting vector perpendicular to the surface.

Solar energy
Irradiance due to solar radiation is also called insolation. The global irradiance on a horizontal surface on Earth
consists of the direct irradiance Edir and diffuse irradiance Edif. On a tilted plane, there is another irradiance
component: Eref, which is the component that is reflected from the ground. The average ground reflection is about
20% of the global irradiance. Hence, the irradiance Etilt on a tilted plane consists of three components: Etilt = Edir +
Edif + Eref.[2]
The integral of solar irradiance over a time period is solar irradiation. Irradiation is measured in J/m2 and is
represented by the symbol H.[2]

Quantity

[3]

SI unit

Symbol

Symbol

Notes
Dimension

[4]

joule

J

M⋅L2⋅T−2

energy

[4]

watt

W

M⋅L2⋅T−3

radiant energy per unit time, also called radiant power.

Φeλ

watt per metre

W⋅m−1

M⋅L⋅T−3

radiant power per wavelength.

Radiant intensity

Ie

watt per steradian

W⋅sr−1

M⋅L2⋅T−3

power per unit solid angle.

Spectral intensity

Ieλ

watt per steradian per
metre

W⋅sr−1⋅m−1

M⋅L⋅T−3

radiant intensity per wavelength.

Radiant energy

Qe

Radiant flux

Φe

Spectral power

[4] [5]

[5]
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Radiance

Le

watt per steradian per
square metre

W⋅sr−1⋅m−2

Spectral radiance

[5]
Leλ
or
[6]
Leν

watt per steradian per
metre3
or
watt per steradian per
square
metre per hertz

W⋅sr−1⋅m−3
M⋅L−1⋅T−3
or
or
W⋅sr−1⋅m−2⋅Hz−1 M⋅T−2

commonly measured in W⋅sr−1⋅m−2⋅nm−1 with surface
area and either wavelength or frequency.

Irradiance

Ee

[4]

watt per square metre

W⋅m−2

M⋅T−3

power incident on a surface, also called radiant flux
density.
sometimes confusingly called "intensity" as well.

Spectral
irradiance

[5]
Eeλ
or
[6]
Eeν

watt per metre3
or
watt per square metre
per hertz

W⋅m−3
or
W⋅m−2⋅Hz−1

M⋅L−1⋅T−3
or
M⋅T−2

commonly measured in W⋅m−2⋅nm−1
[7]
or 10−22W⋅m−2⋅Hz−1, known as solar flux unit.

Radiant exitance / M [4]
e
Radiant
emittance

watt per square metre

W⋅m−2

M⋅T−3

power emitted from a surface.

M⋅T−3

power per unit solid angle per unit projected source area.
confusingly called "intensity" in some other fields of
study.

Spectral radiant
exitance /
Spectral radiant
emittance

[5]
Meλ
or
[6]
Meν

watt per metre3
or
watt per square
metre per hertz

W⋅m−3
or
W⋅m−2⋅Hz−1

M⋅L−1⋅T−3
or
M⋅T−2

power emitted from a surface per wavelength or
frequency.

Radiosity

Je or
[5]
Jeλ

watt per square metre

W⋅m−2

M⋅T−3

emitted plus reflected power leaving a surface.

Radiant exposure

He

joule per square metre

J⋅m−2

M⋅T−2

Radiant energy
density

ωe

joule per metre3

J⋅m−3

M⋅L−1⋅T−2

See also: SI Radiometry Photometry
[1] Griffiths, David J. (1999). Introduction to electrodynamics (http:/ / www. amazon. com/ Introduction-Electrodynamics-3rd-David-Griffiths/
dp/ 013805326X) (3. ed., reprint. with corr. ed.). Upper Saddle River, NJ [u.a.]: Prentice-Hall. ISBN 0-13-805326-X. .
[2] Quaschning, Volker (2003). "Technology fundamentals—The sun as an energy resource" (http:/ / www. volker-quaschning. de/ articles/
fundamentals1/ index_e. html). Renewable Energy World 6 (5): 90–93. .
[3] Standards organizations recommend that radiometric quantities should be denoted with a suffix "e" (for "energetic") to avoid confusion with
photometric or photon quantities.
[4] Alternative symbols sometimes seen: W or E for radiant energy, P or F for radiant flux, I for irradiance, W for radiant emittance.
[5] Spectral quantities given per unit wavelength are denoted with suffix "λ" (Greek) to indicate a spectral concentration. Spectral functions of
wavelength are indicated by "(λ)" in parentheses instead, for example in spectral transmittance, reflectance and responsivity.
[6] Spectral quantities given per unit frequency are denoted with suffix "ν" (Greek)—not to be confused with the suffix "v" (for "visual")
indicating a photometric quantity.
[7] NOAA / Space Weather Prediction Center (http:/ / www. swpc. noaa. gov/ forecast_verification/ F10. html) includes a definition of the
solar flux unit (SFU).
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Sunlight
Sunlight, in the broad sense, is the total frequency
spectrum of electromagnetic radiation given off by the
Sun. On Earth, sunlight is filtered through the Earth's
atmosphere, and solar radiation is obvious as daylight
when the Sun is above the horizon.
When the direct solar radiation is not blocked by clouds,
it is experienced as sunshine, a combination of bright
light and radiant heat. When it is blocked by the clouds or
reflects off of other objects, it is experienced as diffused
light.
The World Meteorological Organization uses the term
"sunshine duration" to mean the cumulative time during
which an area receives direct irradiance from the Sun of
at least 120 watts per square meter.[1]
Sunlight may be recorded using a sunshine recorder,
pyranometer or pyrheliometer. Sunlight takes about 8.3
minutes to reach the Earth.
Direct sunlight has a luminous efficacy of about 93
lumens per watt of radiant flux, which includes infrared,
visible, and ultraviolet light. Bright sunlight provides
illuminance of approximately 100,000 lux or lumens per
square meter at the Earth's surface.

Sunlight shining through clouds, giving rise to crepuscular rays.

Sunlight is a key factor in photosynthesis, a process vital for life on Earth.

Calculation
To calculate the amount of sunlight reaching the ground, both the elliptical orbit of the Earth and the attenuation by
the Earth's atmosphere have to be taken into account. The extraterrestrial solar illuminance (Eext), corrected for the
elliptical orbit by using the day number of the year (dn), is given by[2]

where dn=1 on January 1; dn=2 on January 2; dn=32 on February 1, etc. In this formula dn-3 is used, because in
modern times Earth's perihelion, the closest approach to the Sun and therefore the maximum Eext occurs around
January 3 each year. The value of 0.033412 is determined knowing that the ratio between the perihelion (0.98328989
AU) squared and the aphelion (1.01671033 AU) squared should be approximately 0.935338.
The solar illuminance constant (Esc), is equal to 128×103 lx. The direct normal illuminance (Edn), corrected for the
attenuating effects of the atmosphere is given by:

where c is the atmospheric extinction coefficient and m is the relative optical airmass.
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Solar constant
The solar constant, a measure of flux density, is the amount of incoming solar electromagnetic radiation per unit
area that would be incident on a plane perpendicular to the rays, at a distance of one astronomical unit (AU) (roughly
the mean distance from the Sun to the Earth). The "solar constant" includes all types of solar radiation, not just the
visible light. Its average value was thought to be approximately 1.366 kW/m²,[3] varying slightly with solar activity,
but recent recalibrations of the relevant satellite observations indicate a value closer to 1.361 kW/m² is more
realistic.[4]

Total (TSI) and spectral solar irradiance (SSI) upon Earth
Total Solar Irradiance upon Earth (TSI) was earlier measured by satellite to be roughly 1.366 kilowatts per square
meter (kW/m²),[3] [5] [6] but most recently NASA cites TSI as "1361 W/m² as compared to ~1366 W/m² from earlier
observations [Kopp et al., 2005]", based on regular readings from NASA's Solar Radiation and Climate
Experiment(SORCE) satellite, active since 2003,[7] noting that this "discovery is critical in examining the energy
budget of the planet Earth and isolating the climate change due to human activities." Furthermore the Spectral
Irradiance Monitor (SIM) has found in the same period that spectral solar irradiance (SSI) at UV (ultraviolet)
wavelength corresponds in a less clear, and probably more complicated fashion, with earth's climate responses than
earlier assumed, fueling broad avenues of new research in "the connection of the Sun and stratosphere, troposphere,
biosphere, ocean, and Earth’s climate".[7]

Intensity in the Solar System
Different bodies of the Solar System receive light of an intensity inversely proportional to the square of their
distance from Sun. A rough table comparing the amount of solar radiation received by each planet in the Solar
System follows (from data in [8]):
Planet

Perihelion Aphelion
distance (AU)

Solar radiation
maximum and
minimum
(W/m²)

Mercury 0.3075 – 0.4667

14,446 – 6,272

Venus

0.7184 – 0.7282

2,647 – 2,576

Earth

0.9833 – 1.017

1,413 – 1,321

Mars

1.382 – 1.666

715 – 492

Jupiter

4.950 – 5.458

55.8 – 45.9

Saturn

9.048 – 10.12

16.7 – 13.4

Uranus

18.38 – 20.08

4.04 – 3.39

Neptune 29.77 – 30.44

1.54 – 1.47

The actual brightness of sunlight that would be observed at the surface depends also on the presence and
composition of an atmosphere. For example Venus' thick atmosphere reflects more than 60% of the solar light it
receives. The actual illumination of the surface is about 14,000 lux, comparable to that on Earth "in the daytime with
overcast clouds".[9]
Sunlight on Mars would be more or less like daylight on Earth wearing sunglasses, and as can be seen in the pictures
taken by the rovers, there is enough diffuse sky radiation that shadows would not seem particularly dark. Thus it
would give perceptions and "feel" very much like Earth daylight.
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For comparison purposes, sunlight on Saturn is slightly brighter than Earth sunlight at the average sunset or sunrise
(see daylight for comparison table). Even on Pluto the sunlight would still be bright enough to almost match the
average living room. To see sunlight as dim as full moonlight on the Earth, a distance of about 500 AU (~69
light-hours) is needed; there are only a handful of objects in the solar system known to orbit farther than such a
distance, among them 90377 Sedna and (87269) 2000 OO67.

Composition
The spectrum of the Sun's solar radiation is close to that of a black
body with a temperature of about 5,800 K.[10] The Sun emits EM
radiation across most of the electromagnetic spectrum. Although the
Sun produces Gamma rays as a result of the nuclear fusion process,
these super high energy photons are converted to lower energy photons
before they reach the Sun's surface and are emitted out into space, so
the Sun doesn't give off any gamma rays to speak of. The Sun does,
however, emit X-rays, ultraviolet, visible light, infrared, and even
Radio waves.[11] When ultraviolet radiation is not absorbed by the
atmosphere or other protective coating, it can cause damage to the skin
known as sunburn or trigger an adaptive change in human skin
pigmentation.

Solar irradiance spectrum above atmosphere and
at surface

The spectrum of electromagnetic radiation striking the Earth's atmosphere spans a range of 100 nm to about 1 mm.
This can be divided into five regions in increasing order of wavelengths:[12]
• Ultraviolet C or (UVC) range, which spans a range of 100 to 280 nm. The term ultraviolet refers to the fact that
the radiation is at higher frequency than violet light (and, hence also invisible to the human eye). Owing to
absorption by the atmosphere very little reaches the Earth's surface (Lithosphere). This spectrum of radiation has
germicidal properties, and is used in germicidal lamps.
• Ultraviolet B or (UVB) range spans 280 to 315 nm. It is also greatly absorbed by the atmosphere, and along with
UVC is responsible for the photochemical reaction leading to the production of the ozone layer.
• Ultraviolet A or (UVA) spans 315 to 400 nm. It has been traditionally held as less damaging to the DNA, and
hence used in tanning and PUVA therapy for psoriasis.
• Visible range or light spans 380 to 780 nm. As the name suggests, it is this range that is visible to the naked eye.
• Infrared range that spans 700 nm to 106 nm (1 mm). It is responsible for an important part of the electromagnetic
radiation that reaches the Earth. It is also divided into three types on the basis of wavelength:
• Infrared-A: 700 nm to 1,400 nm
• Infrared-B: 1,400 nm to 3,000 nm
• Infrared-C: 3,000 nm to 1 mm.
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Surface illumination
The spectrum of surface illumination depends upon solar elevation due to atmospheric effects, with the blue spectral
component from atmospheric scatter dominating during twilight before and after sunrise and sunset, respectively,
and red dominating during sunrise and sunset. These effects are apparent in natural light photography where the
principal source of illumination is sunlight as mediated by the atmosphere.
According to Craig Bohren, "preferential absorption of sunlight by ozone over long horizon paths gives the zenith
sky its blueness when the sun is near the horizon".[13]
See diffuse sky radiation for more details.

Climate effects
Further information: Solar dimming and Insolation
On Earth, solar radiation is obvious as daylight when the sun is above the horizon. This is during daytime, and also
in summer near the poles at night, but not at all in winter near the poles. When the direct radiation is not blocked by
clouds, it is experienced as sunshine, combining the perception of bright white light (sunlight in the strict sense) and
warming. The warming on the body, the ground and other objects depends on the absorption (electromagnetic
radiation) of the electromagnetic radiation in the form of heat.
The amount of radiation intercepted by a planetary body varies inversely with the square of the distance between the
star and the planet. The Earth's orbit and obliquity change with time (over thousands of years), sometimes forming a
nearly perfect circle, and at other times stretching out to an orbital eccentricity of 5% (currently 1.67%). The total
insolation remains almost constant due to Kepler's second law,

where

is the "areal velocity" invariant. That is, the integration over the orbital period (also invariant) is a

constant.

If we assume the solar radiation power

as a constant over time and the solar irradiation given by the

inverse-square law, we obtain also the average insolation as a constant.
But the seasonal and latitudinal distribution and intensity of solar radiation received at the Earth's surface also
varies.[14] For example, at latitudes of 65 degrees the change in solar energy in summer & winter can vary by more
than 25% as a result of the Earth's orbital variation. Because changes in winter and summer tend to offset, the change
in the annual average insolation at any given location is near zero, but the redistribution of energy between summer
and winter does strongly affect the intensity of seasonal cycles. Such changes associated with the redistribution of
solar energy are considered a likely cause for the coming and going of recent ice ages (see: Milankovitch cycles).
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Life on Earth
The existence of nearly all life on Earth is fueled by light from the sun.
Most autotrophs, such as plants, use the energy of sunlight, combined
with carbon dioxide and water, to produce simple sugars—a process
known as photosynthesis. These sugars are then used as building
blocks and in other synthetic pathways which allow the organism to
grow.
Heterotrophs, such as animals, use light from the sun indirectly by
consuming the products of autotrophs, either by consuming autotrophs,
by consuming their products or by consuming other heterotrophs. The
This short film explores the vital connection
sugars and other molecular components produced by the autotrophs are
between Earth and the sun.
then broken down, releasing stored solar energy, and giving the
heterotroph the energy required for survival. This process is known as cellular respiration.
In prehistory, humans began to further extend this process by putting plant and animal materials to other uses. They
used animal skins for warmth, for example, or wooden weapons to hunt. These skills allowed humans to harvest
more of the sunlight than was possible through glycolysis alone, and human population began to grow.
During the Neolithic Revolution, the domestication of plants and animals further increased human access to solar
energy. Fields devoted to crops were enriched by inedible plant matter, providing sugars and nutrients for future
harvests. Animals which had previously only provided humans with meat and tools once they were killed were now
used for labour throughout their lives, fueled by grasses inedible to humans.
The more recent discoveries of coal, petroleum and natural gas are modern extensions of this trend. These fossil
fuels are the remnants of ancient plant and animal matter, formed using energy from sunlight and then trapped within
the earth for millions of years. Because the stored energy in these fossil fuels has accumulated over many millions of
years, they have allowed modern humans to massively increase the production and consumption of primary energy.
As the amount of fossil fuel is large but finite, this cannot continue indefinitely, and various theories exist as to what
will follow this stage of human civilization (e.g. alternative fuels, Malthusian catastrophe, new urbanism, peak oil).

Cultural aspects
. The effect of sunlight is relevant to painting, evidenced for instance in
works of Claude Monet on outdoor scenes and landscapes.
Many people find direct sunlight to be too bright for comfort,
especially when reading from white paper upon which the sun is
directly shining. Indeed, looking directly at the sun can cause
long-term vision damage. To compensate for the brightness of sunlight,
many people wear sunglasses. Cars, many helmets and caps are
equipped with visors to block the sun from direct vision when the sun
is at a low angle. Sunshine is often blocked from entering buildings
through the use of walls, window blinds, awnings, shutters or curtains,
or by nearby shade trees.
In colder countries, many people prefer sunnier days and often avoid
the shade. In hotter countries the converse is true; during the midday
hours many people prefer to stay inside to remain cool. If they do go
outside, they seek shade which may be provided by trees, parasols, and
so on.

Claude Monet: Le déjeuner sur l'herbe

Sunlight
In Hinduism the sun is considered to be a god as it is the source of life and energy on earth.

Sunbathing
Sunbathing is a popular leisure activity in which a person sits or lies in direct sunshine. People often sunbathe in
comfortable places where there is ample sunlight. Some common places for sunbathing include beaches, open air
swimming pools, parks, gardens, and sidewalk cafés. Sunbathers typically wear limited amounts of clothing or some
simply go nude. For some, an alternative to sunbathing is the use of a sunbed that generates ultraviolet light and can
be used indoors regardless of outdoor weather conditions and amount of sunlight.
For many people with pale or brownish skin, one purpose for sunbathing is to darken one's skin color (get a sun tan)
as this is considered in some cultures to be beautiful, associated with outdoor activity, vacations/holidays, and health.
Some people prefer naked sunbathing so that an "all-over" or "even" tan can be obtained, sometimes as part of a
specific lifestyle.
For people suffering from psoriasis, sunbathing is an effective way of healing the symptoms.
Skin tanning is achieved by an increase in the dark pigment inside skin cells called melanocytes and it is actually an
automatic response mechanism of the body to sufficient exposure to ultraviolet radiation from the sun or from
artificial sunlamps. Thus, the tan gradually disappears with time, when one is no longer exposed to these sources.

Effects on human health
The body produces vitamin D from sunlight (specifically from the UVB band of ultraviolet light), and excessive
seclusion from the sun can lead to deficiency unless adequate amounts are obtained through diet.
Sunburn can have mild to severe inflammation effects on skin; this can be avoided by using a proper sunscreen
cream or lotion or by gradually building up melanocytes with increasing exposure. Another detrimental effect of UV
exposure is accelerated skin aging (also called skin photodamage), which produces a difficult to treat cosmetic
effect. Some people are concerned that ozone depletion is increasing the incidence of such health hazards. A 10%
decrease in ozone could cause a 25% increase in skin cancer.[15]
A lack of sunlight, on the other hand, is considered one of the primary causes of seasonal affective disorder (SAD), a
serious form of the "winter blues". SAD occurrence is more prevalent in locations further from the tropics, and most
of the treatments (other than prescription drugs) involve light therapy, replicating sunlight via lamps tuned to specific
(visible, not ultra-violet) wavelengths of light or full-spectrum bulbs.
A recent study indicates that more exposure to sunshine early in a person’s life relates to less risk from multiple
sclerosis (MS) later in life.[16]
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External links
• Solar radiation - Encyclopedia of Earth (http://www.eoearth.org/article/Solar_radiation)
• Total Solar Irradiance (TSI) Daily mean data (http://www.ngdc.noaa.gov/stp/solar/solarirrad.html) at the
website of the National Geophysical Data Center
• Construction of a Composite Total Solar Irradiance (TSI) Time Series from 1978 to present (http://www.
pmodwrc.ch/pmod.php?topic=tsi/composite/SolarConstant) by World Radiation Center,
Physikalisch-Meteorologisches Observatorium Davos (pmod wrc)
• A Comparison of Methods for Providing Solar Radiation Data to Crop Models and Decision Support Systems
(http://www.macaulay.ac.uk/LADSS/papers.html?2002), Rivington et al.
• Evaluation of three model estimations of solar radiation at 24 UK stations (http://www.macaulay.ac.uk/
LADSS/papers.html?2005), Rivington et al.
• High resolution spectrum of solar radiation (http://bass2000.obspm.fr/solar_spect.php) from Observatoire de
Paris
• Measuring Solar Radiation (http://avc.comm.nsdlib.org/cgi-bin/wiki_grade_interface.
pl?Measuring_Solar_Radiation) : A lesson plan from the National Science Digital Library.
• Websurf astronomical information (http://websurf.nao.rl.ac.uk/surfbin/first.cgi): Online tools for calculating
Rising and setting times of Sun, Moon or planet, Azimuth of Sun, Moon or planet at rising and setting, Altitude
and azimuth of Sun, Moon or planet for a given date or range of dates, and more.
• An Excel workbook (http://www.ecy.wa.gov/programs/eap/models/solrad.zip) with a solar position and
solar radiation time-series calculator; by Greg Pelletier (http://www.ecy.wa.gov/programs/eap/models.html)
• DOE information (http://rredc.nrel.gov/solar/spectra/am1.5/) about the ASTM standard solar spectrum for
PV evaluation.
• ASTM Standard (http://www.astm.org/Standards/G173.htm) for solar spectrum at ground level in the US
(latitude ~ 37 degrees).
• Detailed spectrum of the sun (http://apod.nasa.gov/apod/ap100627.html) at Astronomy Picture of the Day
(http://apod.nasa.gov/apod/archivepix.html).
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Effect of sun angle on climate
The amount of heat energy received at any location on
the globe is a direct effect of sun angle on climate, as
the angle at which sunlight strikes the Earth varies by
location, time of day, and season due to the Earth's
orbit around the sun and the Earth's rotation around its
tilted axis. Seasonal change in the angle of sunlight,
caused by the tilt of the Earth's axis, is the basic
mechanism that results in warmer weather in summer
than in winter.[1] [2] Change in day length is another
factor.[2] (See also season.)

Figure 1
This diagram illustrates how sunlight is spread over a greater area in
the polar regions. In addition to the density of incident light, the
dissipation of light in the atmosphere is greater when it falls at a
shallow angle.

Geometry of sun angle
When sunlight shines on the earth at a lower
angle (sun closer to the horizon), the energy
of the sunlight is spread over a larger area,
and is therefore weaker than if the sun is
higher overhead and the energy is
concentrated on a smaller area. (See Figure
1.)
Figure 2 depicts a sunbeam one mile (1.6
km) wide falling on the ground from
directly overhead, and another hitting the
ground at a 30° angle. Trigonometry tells us
that the sine of a 30° angle is 1/2, whereas
the sine of a 90° angle is 1. Therefore, the
Figure 2
sunbeam hitting the ground at a 30° angle
One
sunbeam
one
mile
wide
shines
on
the ground at a 90° angle, and another at a
spreads the same amount of light over twice
30° angle. The one at a shallower angle covers twice as much area with the same
as much area (if we imagine the sun shining
amount of light energy.
from the south at noon, the north-south
width doubles; the east-west width does
not). Consequently, the amount of light falling on each square mile is only half as much.
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The sunbeam entering at the shallower angle must also
travel twice as far through the Earth's atmosphere,
which reflects some of the energy back into space.
Figure 3 shows the angle of sunlight striking the earth
in the Northern and Southern hemispheres when the
Earth's northern axis is tilted away from the sun, when
it is winter in the north and summer in the south.

Technical note
Heat energy is not received from the Sun. Radiant
Figure 3
energy is received and this results in change in energy
This is a diagram of the seasons. Regardless of the time of day (i.e.
the Earth's rotation on its axis), the North Pole will be dark, and the
level of receiving bodies in Earth's domain. Different
South Pole will be illuminated; see also arctic winter.
materials have different properties for transmitting back
received energy in the form of heat energy at different
rates. Concrete and tar for example are slow releasers. Most metals are fast releasers.
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Insolation
Insolation is a measure of solar radiation
energy received on a given surface area in a
given time. It is commonly expressed as
average irradiance in watts per square meter
(W/m2) or kilowatt-hours per square meter
per day (kW·h/(m2·day)) (or hours/day). In
the case of photovoltaics it is commonly
measured as kWh/(kWp·y) (kilowatt hours
per year per kilowatt peak rating).
The object or surface that solar radiation
strikes may be a planet, a terrestrial object
inside the atmosphere of a planet, or any
object exposed to solar rays outside of an
atmosphere, including spacecraft. Some of
the solar radiation will be absorbed, while
the remainder will be reflected. Usually the
absorbed solar radiation is converted to
thermal energy, causing an increasing in the
object's temperature. Some systems,
however, may store or convert a portion of
the solar energy into another form of energy,
as in the case of photovoltaics or plants. The
proportion of radiation reflected or absorbed
depends on the object's reflectivity or
albedo.

Annual mean insolation, at the top of Earth's atmosphere (top) and at the planet's
surface.

Projection effect
The insolation into a surface is largest when
the surface directly faces the Sun. As the
angle increases between the direction at a
right angle to the surface and the direction
of the rays of sunlight, the insolation is
reduced in proportion to the cosine of the
angle; see effect of sun angle on climate.

US annual average solar energy received by a latitude tilt photovoltaic cell
(modeled).
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Average insolation in Europe

In this illustration, the angle shown is
between the ground and the sunbeam rather
than between the vertical direction and the
sunbeam; hence the sine rather than the
cosine is appropriate. A sunbeam one mile
(1.6 km) wide falls on the ground from
directly overhead, and another hits the
ground at a 30° angle to the horizontal.
Trigonometry tells us that the sine of a 30°
angle is 1/2, whereas the sine of a 90° angle
is 1. Therefore, the sunbeam hitting the
ground at a 30° angle spreads the same
amount of light over twice as much area (if
we imagine the sun shining from the south
at noon, the north-south width doubles; the
east-west width does not). Consequently, the
amount of light falling on each square mile
is only half as much.

Figure 2
One sunbeam one mile wide shines on the ground at a 90° angle, and another at a
30° angle. The one at a shallower angle distributes the same amount of light energy
over twice as much area.

This 'projection effect' is the main reason why the polar regions are much colder than equatorial regions on Earth. On
an annual average the poles receive less insolation than does the equator, because at the poles the Earth's surface are
angled away from the Sun.

Earth's insolation
Direct insolation is the solar irradiance measured at a given location on
Earth with a surface element perpendicular to the Sun's rays, excluding
diffuse insolation (the solar radiation that is scattered or reflected by
atmospheric components in the sky). Direct insolation is equal to the
solar constant minus the atmospheric losses due to absorption and
scattering. While the solar constant varies with the Earth-Sun distance
and solar cycles, the losses depend on the time of day (length of light's
path through the atmosphere depending on the Solar elevation angle),
cloud cover, moisture content, and other impurities. Insolation is a
fundamental abiotic factor[1] affecting the metabolism of plants and the
behavior of animals.

Solar Radiation Map of Africa and Middle East

Insolation

Over the course of a year the average solar radiation arriving at the top
of the Earth's atmosphere at any point in time is roughly 1,366 watts
per square meter[2] [3] (see solar constant). The radiant power is
distributed across the entire electromagnetic spectrum, although most
of the power is in the visible light portion of the spectrum. The Sun's
rays are attenuated as they pass through the atmosphere, thus reducing
the insolation at the Earth's surface to approximately 1,000 watts per
square meter for a surface perpendicular to the Sun's rays at sea level
on a clear day.
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A pyranometer, a component of a temporary
remote meteorological station, measures
insolation on Skagit Bay, Washington.

The actual figure varies with the Sun angle at different times of year,
according to the distance the sunlight travels through the air, and
depending on the extent of atmospheric haze and cloud cover. Ignoring clouds, the average insolation for the Earth is
approximately 250 watts per square meter (6 (kW·h/m2)/day), taking into account the lower radiation intensity in
early morning and evening, and its near-absence at night.
The insolation of the sun can also be expressed in Suns, where one Sun equals 1,000 W/m2 at the point of arrival,
with kWh/(m2·day) displayed as hours/day.[4] When calculating the output of, for example, a photovoltaic panel, the
angle of the sun relative to the panel needs to be taken into account as well as the insolation. (The insolation, taking
into account the attenuation of the atmosphere, should be multiplied by the cosine of the angle between the normal to
the panel and the direction of the sun from it). One Sun is a unit of power flux, not a standard value for actual
insolation. Sometimes this unit is referred to as a Sol, not to be confused with a sol, meaning one solar day on, for
example, a different planet, such as Mars.
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Distribution of insolation at the top of the atmosphere
The theory for the distribution of
solar radiation at the top of the
atmosphere concerns how the solar
irradiance (the power of solar radiation
per unit area) at the top of the
atmosphere is determined by the
sphericity and orbital parameters of
Earth. The theory could be applied to
any monodirectional beam of radiation
incident onto a rotating sphere, but is
most usually applied to sunlight, and in
particular for application in numerical
weather prediction, and theory for the
seasons and the ice ages. The last
application is known as Milankovitch
cycles.
The derivation of distribution is based
on a fundamental identity from
spherical trigonometry, the spherical
law of cosines:

Spherical triangle for application of the spherical law of cosines for the calculation the
solar zenith angle Θ for observer at latitude φ and longitude λ from knowledge of the
hour angle h and solar declination δ. (δ is latitude of subsolar point, and h is relative
longitude of subsolar point).

Insolation
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, the theoretical daily-average insolation at the top of the atmosphere. The
calculation assumed conditions appropriate for 2000 A.D.: a solar constant of
S0 = 1367 W m−2, obliquity of ε = 23.4398°, longitude of perihelion of ϖ = 282.895°,
eccentricity e = 0.016704. Contour labels (green) are in units of W m−2.

where a, b and c are arc lengths, in radians, of the sides of a spherical triangle. C is the angle in the vertex opposite
the side which has arc length c. Applied to the calculation of solar zenith angle Θ, we equate the following for use in
the spherical law of cosines:

The distance of Earth from the sun can be denoted RE, and the mean distance can be denoted R0, which is very close
to 1 AU. The insolation onto a plane normal to the solar radiation, at a distance 1 AU from the sun, is the solar
constant, denoted S0. The solar flux density (insolation) onto a plane tangent to the sphere of the Earth, but above the
bulk of the atmosphere (elevation 100 km or greater) is:

and

The average of Q over a day is the average of Q over one rotation, or the hour angle progressing from h = π to
h = −π:

Insolation

Let h0 be the hour angle when Q becomes positive. This could occur at sunrise when
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, or for h0 as a

solution of
or

If tan(φ)tan(δ) > 1, then the sun does not set and the sun is already risen at h = π, so ho = π. If tan(φ)tan(δ) < −1, the
sun does not rise and
.
is nearly constant over the course of a day, and can be taken outside the integral

Let θ be the conventional polar angle describing a planetary orbit. For convenience, let θ = 0 at the vernal equinox.
The declination δ as a function of orbital position is

where ε is the obliquity. The conventional longitude of perihelion ϖ is defined relative to the vernal equinox, so for
the elliptical orbit:

or

With knowledge of ϖ, ε and e from astrodynamical calculations [5] and So from a consensus of observations or
theory,
can be calculated for any latitude φ and θ. Note that because of the elliptical orbit, and as a simple
consequence of Kepler's second law, θ does not progress exactly uniformly with time. Nevertheless, θ = 0° is exactly
the time of the vernal equinox, θ = 90° is exactly the time of the summer solstice, θ = 180° is exactly the time of the
autumnal equinox and θ = 270° is exactly the time of the winter solstice.
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Application to Milankovitch cycles
Obtaining a time series for a

for a particular time of year, and particular latitude, is a useful application in the

theory of Milankovitch cycles. For example, at the summer solstice, the declination δ is simply equal to the obliquity
ε. The distance from the sun is

For this summer solstice calculation,
the role of the elliptical orbit is entirely
contained within the important product
, which is known as the
precession index, the variation of
which dominates the variations in
insolation at 65 N when eccentricity is
large. For the next 100,000 years, with
variations in eccentricity being
relatively small, variations in obliquity
will be dominant.

Past and future of daily average insolation at top of the atmosphere on the day of the
summer solstice, at 65 N latitude. The green curve is with eccentricity e hypothetically set
to 0. The red curve uses the actual (predicted) value of e. Blue dot is current conditions, at
2 ky A.D.

Applications
In spacecraft design and planetology, it is the primary variable affecting equilibrium temperature.
In construction, insolation is an important consideration when designing a building for a particular climate. It is one
of the most important climate variables for human comfort and building energy efficiency.[6]
The projection effect can be used in architecture to design buildings that are cool in summer and warm in winter, by
providing large vertical windows on the equator-facing side of the building (the south face in the northern
hemisphere, or the north face in the southern hemisphere): this maximizes insolation in the winter months when the
Sun is low in the sky, and minimizes it in the summer when the noonday Sun is high in the sky. (The Sun's
north/south path through the sky spans 47 degrees through the year).
Insolation figures are used as an input to worksheets to size solar power systems for the location where they will be
installed.[7] This can be misleading since insolation figures assume the panels are parallel with the ground, when in
fact they are almost always mounted at an angle[8] to face towards the sun. This gives inaccurately low estimates for
winter.[9] The figures can be obtained from an insolation map or by city or region from insolation tables that were
generated with historical data over the last 30–50 years. Photovoltaic panels are rated under standard conditions to
determine the Wp rating (watts peak),[10] which can then be used with the insolation of a region to determine the
expected output, along with other factors such as tilt, tracking and shading (which can be included to create the
installed Wp rating).[11] Insolation values range from 800 to 950 kWh/(kWp·y) in Norway to up to 2,900 in
Australia.
In the fields of civil engineering and hydrology, numerical models of snowmelt runoff use observations of insolation.
This permits estimation of the rate at which water is released from a melting snowpack. Field measurement is
accomplished using a pyranometer.
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Conversion factor (multiply top row by factor to obtain side column)
kW·h/(m2·day)

sun hours/day

kWh/(m2·y)

kWh/(kWp·y)

41.66666

41.66666

0.1140796

0.1521061

kW·h/(m2·day) 0.024

1

1

0.0027379

0.0036505

sun hours/day

1

1

0.0027379

0.0036505

W/m2
W/m2

1

0.024

kWh/(m2·y)

8.765813 365.2422

365.2422

1

1.333333

kWh/(kWp·y)

6.574360 273.9316

273.9316

0.75

1
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National Science Digital Library - Insolation (http://www.nsdl.arm.gov/Library/glossary.shtml#insolation)
San Francisco Solar Map (http://www.sfog.us/solar/sfsolar.htm)
Insolation map of Europe and Africa (http://sunbird.jrc.it/pvgis/apps/pvest.php)
Yesterday‘s Australian Solar Radiation Map (http://www.bom.gov.au/sat/solrad.shtml)
Net surface fluxes of solar radiation (http://www.ecmwf.int/research/era/ERA-40_Atlas/docs/section_B/
parameter_nsfosrpd.html) including interannual variability
Net surface solar radiation (http://oceanworld.tamu.edu/resources/ocng_textbook/chapter05/chapter05_06.
htm)
Maps of Solar Radiation (http://www.soda-is.com/eng/map/)
Solar Radiation using Google Maps (http://www.energymatters.com.au/climate-data/)
Sample Calculations based on US Insolation Map (http://americansolareconomy.blogspot.com/2009/01/
note-on-units-of-energy-and-insolation.html)
Solar Radiation on a Tilted Collector (U.S.A. only) (http://andyschroder.com/solarradiation.html) choose
"Theoretically Perfect Collector" to receive results for the insolation on a tilted surface
Annual Optimal Orientation of Fixed Tilt Solar Collectors (U.S.A. only) (http://andyschroder.com/OptimalTilt.
html)
SMARTS, a software to compute solar insolation of each date/location of earth (http://www.nrel.gov/rredc/
smarts/)
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Atmospheric refraction
Atmospheric refraction is the deviation of light or other
electromagnetic wave from a straight line as it passes through the
atmosphere due to the variation in air density as a function of altitude.
Atmospheric refraction near the ground produces mirages and can
make distant objects appear to shimmer or ripple, elevated or lowered,
stretched or shortened with no mirage involved. The term also applies
to the refraction of sound.
Atmospheric refraction causes astronomical objects to appear higher in
the sky than they are in reality. It affects not only lightrays but all
electromagnetic radiation, although in varying degrees (see dispersion
in optics). For example in visible light, blue is more affected than red.
This may cause astronomical objects to be spread out into a spectrum
in high-resolution images.

Photograph of the full Moon partly obscured by
Earth's atmosphere. Note the deviation from
circular in the Moon's lower edge, caused by
refraction.

Whenever possible, astronomers will schedule their observations
around the time of culmination of an object when it is highest in the
sky. Likewise sailors will never shoot a star which is not at least 20° or
more above the horizon. If observations close to the horizon cannot be
Diagram showing displacement of the Sun's
avoided, it is possible to equip a telescope with control systems to
image at sunrise and sunset
compensate for the shift caused by the refraction. If the dispersion is a
problem too, (in case of broadband high-resolution observations) atmospheric refraction correctors can be employed
as well (made from pairs of rotating glass prisms). But as the amount of atmospheric refraction is a function of
temperature and pressure as well as humidity (the amount of water vapour is especially important at mid-infrared
wavelengths) the amount of effort needed for a successful compensation can be prohibitive.
Atmospheric refraction becomes more severe when the atmospheric refraction is not homogenous, when there is
turbulence in the air for example. This is the cause of twinkling of the stars and deformation of the shape of the sun
at sunset and sunrise.

Values
Atmospheric refraction is zero in the zenith, less than 1′ (one arcminute) at 45° apparent altitude, and still only 5.3′
at 10° altitude; it quickly increases as altitude decreases, reaching 9.9′ at 5° altitude, 18.4′ at 2° altitude, and 35.4′ at
the horizon (Allen 1976, 125); all values are for 10 °C and 101.3 kPa.
On the horizon, refraction is slightly greater than the apparent diameter of the Sun. Therefore when it appears that
the full disc of the sun is just above the horizon, if it weren't for the atmosphere, no part of the sun's disc would be
visible. By convention, sunrise and sunset refer to times at which the Sun’s upper limb appears on or disappears from
the horizon; the standard value for the Sun’s true altitude is −50′: −34′ for the refraction and −16′ for the Sun’s
semidiameter (the altitude of a celestial body is normally given for the centre of the body’s disc). In the case of the
Moon, additional corrections are needed for the Moon’s horizontal parallax and its apparent semidiameter; both vary
with the Earth–Moon distance.
Day-to-day variations in the weather will affect the exact times of sunrise and sunset (Schaefer and Liller 1990) as
well as moonrise and moonset, and for that reason it generally is not meaningful to give rise and set times to greater
precision than the nearest minute (Meeus 1991, 103). More precise calculations can be useful for determining
day-to-day changes in rise and set times that would occur with the standard value for refraction (for example Meeus
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2002, 315) if it is understood that actual changes may differ because of unpredictable variations in refraction.
Because atmospheric refraction is 34′ on the horizon itself, but only 29′ at 0.5° above it, the setting or rising sun
seems to be flattened by about 5′ (about 1/6 of its apparent diameter).

Calculating refraction
Rigorous calculation of refraction requires numerical integration, using
a method such as that of Auer and Standish (2000). Bennett (1982)
developed a simple empirical formula for calculating refraction from
the apparent altitude, using the algorithm of Garfinkel (1967) as the
reference; if ha is the apparent altitude in degrees, refraction R in
arcminutes is given by

Plot of refraction vs. altitude using Bennett’s
1982 formula

the formula is accurate to within 0.07′ for the altitude range 0°–90° (Meeus 1991, 102). Sæmundsson (1986)
developed a formula for determining refraction from true altitude; if h is the true altitude in degrees, refraction R in
arcminutes is given by

the formula is consistent with Bennett’s to within 0.1′. Both formulas assume an atmospheric pressure of 101.0 kPa
and a temperature of 10 °C; for different pressure P and temperature T, refraction calculated from these formulas is
multiplied by

(Meeus 1991, 103). Refraction increases approximately 1% for every 0.9 kPa increase in pressure, and decreases
approximately 1% for every 0.9 kPa decrease in pressure. Similarly, refraction increases approximately 1% for every
3 °C decrease in temperature, and decreases approximately 1% for every 3 °C increase in temperature.
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Random refraction effects
Turbulence in the atmosphere magnifies and de-magnifies star images,
making them appear brighter and fainter on a time-scale of milliseconds.
The slowest components of these fluctuations are visible to the eye as
twinkling (also called “scintillation”).
Turbulence also causes small random motions of the star image, and
produces rapid changes in its structure. These effects are not visible to the
naked eye, but are easily seen even in small telescopes. They are called
“seeing” by astronomers.
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Axial tilt
In astronomy, axial tilt (also called obliquity) is the angle between an
object's rotational axis, and a line perpendicular to its orbital plane. It
differs from inclination.
To measure obliquity, use the right hand grip rule for both the rotation
and the orbital motion, i.e.: the line from the vertex at the object's
centre to its north pole (above which the object appears to rotate
counter-clockwise); and the line drawn from the vertex in the direction
of the normal to its orbital plane, (above which the object moves
counter-clockwise in its orbit). At zero degrees, these lines point in the
same direction.
The planet Venus has an axial tilt of 177.3° because it is rotating in
retrograde direction, opposite to other planets like Earth. The north
pole of Venus is pointed 'downward' (our southward). The planet
Uranus is rotating on its side in such a way that its rotational axis, and
hence its north pole, is pointed almost in the direction of its orbit
around the Sun. Hence the axial tilt of Uranus is 97°.[1]

To understand axial tilt, consider this blue
solenoid in right hand grip rule as the rotational
axis of Earth, the counter-clockwise direction of
the magnetic field as the 'orbital plane' of Earth
and the direction of the thumb pointing toward
the north pole of Earth. In this figure, 'axial tilt' is
zero degrees because the rotational axis is
perpendicular to the orbital plane. If this blue
solenoid (rotational axis) is tilted while the orbital
plane remains fixed, then it is called the axial tilt
of the planet or celestial body.

Over the course of an orbit, while the angle of the axial tilt does not
change, the orientation of a planet's axial tilt moves through 360
degrees (one complete orbit around the Sun), relative to a line between the planet and the Sun, causing seasons on
Earth.

Axial tilt

Obliquity
In the solar system, the Earth's orbital
plane is known as the ecliptic plane,
and so the Earth's axial tilt is officially
called the obliquity of the ecliptic. It
is denoted by the Greek letter ε.
The Earth currently has an axial tilt of
about 23.5°.[2] The axis remains tilted
in the same direction towards the stars
throughout a year and this means that
when a hemisphere (a northern or
southern half of the earth) is pointing
away from the Sun at one point in the
orbit then half an orbit later (half a
year later) this hemisphere will be
pointing towards the Sun. This effect is
[2]
the main cause of the seasons (see
Earth's axial tilt is 23.44°.
effect of sun angle on climate).
Whichever hemisphere is currently tilted toward the Sun experiences more hours of sunlight each day, and the
sunlight at midday also strikes the ground at an angle nearer the vertical and thus delivers more energy per unit
surface area.
Lower obliquity causes polar regions to receive less seasonally contrasting solar radiation, producing conditions
more favorable to glaciation. Like changes in precession and eccentricity, changes in tilt influence the relative
strength of the seasons, but the effects of the tilt cycle are particularly pronounced in the high latitudes where the
great ice ages began.[3] Obliquity is a major factor in glacial/interglacial fluctuations (see Milankovitch cycles).
The obliquity of the ecliptic is not a fixed quantity but changing over time in a cycle with a period of 41,000 years
(see below). Note that the obliquity and the precession of the equinoxes are calculated from the same theory and are
thus related to each other. A smaller ε means a larger p (precession in longitude) and vice versa. Yet the two
movements act independent from each other, going in mutually perpendicular directions.

Measurement
Knowledge of the obliquity of the ecliptic (ε) is critical for astronomical calculations and observations from the
surface of the Earth (Earth-based, positional astronomy).
To quickly grasp an idea of its numerical value one can look at how the Sun's angle above the horizon varies with the
seasons. The measured difference between the angles of the Sun above the horizon at noon on the longest and
shortest days of the year gives twice the obliquity.
To an observer on the equator standing all year long looking above, the sun will be directly overhead at noon on the
March Equinox, then swing north until it is over the Tropic of Cancer, 23° 26’ away from the equator on the
Northern Solstice. On the September Equinox it will be back overhead, then swing south until it is over the Tropic of
Capricorn, 23° 26’ away from the equator on the Southern Solstice.
Example: an observer at 50° latitude (either north or south) will see the Sun 63° 26’ above the horizon at noon on the
longest day of the year, but only 16° 34’ on the shortest day. The difference is 2ε = 46° 52’, and so ε = 23° 26’.
(90° - 50°) + 23.4394° = 63.4394° when measuring angles from the horizon (90° - 50°) − 23.4394° = 16.5606°

86

Axial tilt
At the Equator, this would be 90° + 23.4394° = 113.4394° and 90° − 23.4394° = 66.5606° (measuring always from
the southern horizon).
Abu-Mahmud Khojandi measured the Earth's axial tilt in the 10th century using this principle with a giant sextant
and noted that his value was lower than those of earlier astronomers, thus discovering that the axial tilt is not
constant.[4]

Values
The Earth's axial tilt varies between 22.1° and 24.5° (but see below), with a 41,000 year period, and at present, the
tilt is decreasing. In addition to this steady decrease there are much smaller short term (18.6 years) variations, known
as nutation, mainly due to the changing plane of the moon's orbit. This can shift the Earth's axial tilt by plus or minus
0.005 degree.
Simon Newcomb's calculation at the end of the nineteenth century for the obliquity of the ecliptic gave a value of
23° 27’ 8.26” (epoch of 1900), and this was generally accepted until improved telescopes allowed more accurate
observations, and electronic computers permitted more elaborate models to be calculated. Lieske developed an
updated model in 1976 with ε equal to 23° 26’ 21.448” (epoch of 2000), which is part of the approximation formula
recommended by the International Astronomical Union in 2000:
ε = 84381.448 − 46.84024T − (59 × 10−5)T2 + (1.813 × 10−3)T3, measured in seconds of arc, with T being the time
in Julian centuries (that is, 36,525 days) since the ephemeris epoch of 2000 (which occurred on Julian day
2,451,545.0). A straight application of this formula to 1900 (T=-1) returns 23° 27’ 8.29”, which is very close to
Newcomb's value.
With the linear term in T being negative, at present the obliquity is slowly decreasing. It is implicit that this
expression gives only an approximate value for ε and is only valid for a certain range of values of T. If not, ε would
approach infinity as T approaches infinity. Computations based on a numerical model of the solar system show that ε
has a period of about 41,000 years, the same as the constants of the precession p of the equinoxes (although not of
the precession itself).
Other theoretical models may come with values for ε expressed with higher powers of T, but since no (finite)
polynomial can ever represent a periodic function, they all go to either positive or negative infinity for large enough
T. In that respect one can understand the decision of the International Astronomical Union to choose the simplest
equation which agrees with most models. For up to 5,000 years in the past and the future all formulas agree, and up
to 9,000 years in the past and the future, most agree to reasonable accuracy. For eras farther out discrepancies get too
large.

Long period variations
See also: Orbit of the Moon (Tidal evolution of the lunar orbit)
Nevertheless extrapolation of the average polynomials gives a fit to a sine curve with a period of 41,013 years,
which, according to Wittmann, is equal to:
ε = A + B sin(C(T + D)); with A = 23.496932° ± 0.001200°, B = − 0.860° ± 0.005°, C = 0.01532 ± 0.0009
radian/Julian century, D = 4.40 ± 0.10 Julian centuries, and T, the time in centuries from the epoch of 2000 as above.
This means a range of the obliquity from 22° 38’ to 24° 21’, the last maximum was reached in 8700 BC, the mean
value occurred around 1550 and the next minimum will be in 11800. This formula should give a reasonable
approximation for the previous and next million years or so. Yet it remains an approximation in which the amplitude
of the wave remains the same, while in reality, as seen from the results of the Milankovitch cycles, irregular
variations occur. The quoted range for the obliquity is from 21° 30’ to 24° 30’, but the low value may have been a
one-time overshot of the normal 22° 30’.
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Over the last 5 million years, the obliquity of the ecliptic (or more accurately, the obliquity of the Equator on the
moving ecliptic of date) has varied from 22.0425° to 24.5044°, but for the next one million years, the range will be
only from 22.2289° to 24.3472°.
Other planets may have a variable obliquity, too; for example, on Mars, the range is believed to be between 11° and
49° as a result of gravitational perturbations from other planets.[5] The relatively small range for the Earth is due to
the stabilizing influence of the Moon, but it will not remain so. According to W.R. Ward, the orbit of the Moon
(which is continuously increasing due to tidal effects) will have gone from the current 60 to approximately 66.5
Earth radii in about 1.5 billion years. Once this occurs, a resonance from planetary effects will follow, causing
swings of the obliquity between 22° and 38°. Further, in approximately 2 billion years, when the Moon reaches a
distance of 68 Earth radii, another resonance will cause even greater oscillations, between 27° and 60°. This would
have extreme effects on climate.

Axial tilt of selected objects in the solar system
Object

Axial tilt (°)

Axial tilt (radians)

Sun

7.25

0.1265

Mercury 0.0352

0.000614

Venus

177.4

3.096

Earth

23.44

0.4091

Moon

6.688†

0.1167

Mars

25.19

0.4396

Ceres

~4

~0.07

Pallas

~60

~1

Jupiter

3.13

0.0546

Saturn

26.73

0.4665

Uranus

97.77

1.7064

Neptune 28.32

0.4943

Pluto

2.0876

119.61

† Tilt to its orbit in the Earth-Moon system. Moon's tilt is 1.5424° (0.02692 radians) to ecliptic
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